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Abstract. Self-consistent equations for intrinsic rotation in tokamaks with small
poloidal magnetic field Bp compared to the total magnetic field B are derived. The
model gives the momentum redistribution due to turbulence, collisional transport
and energy injection. Intrinsic rotation is determined by the balance between the
momentum redistribution and the turbulent diffusion and convection. Two different
turbulence regimes are considered: turbulence with characteristic perpendicular
lengths of the order of the ion gyroradius, ρi, and turbulence with characteristic
lengths of the order of the poloidal gyroradius, (B/Bp)ρi. Intrinsic rotation driven
by gyroradius scale turbulence is mainly due to the effect of neoclassical corrections
and of finite orbit widths on turbulent momentum transport, whereas for the
intrinsic rotation driven by poloidal gyroradius scale turbulence, the slow variation
of turbulence characteristics in the radial and poloidal directions and the turbulent
particle acceleration can be become as important as the neoclassical and finite orbit
width effects. The magnetic drift is shown to be indispensable for the intrinsic rotation
driven by the slow variation of turbulence characteristics and the turbulent particle
acceleration. The equations are written in a form conducive to implementation in a
flux tube code, and the effect of the radial variation of the turbulence is included in a
novel way that does not require a global gyrokinetic formalism.
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1. Introduction
Rotation quenches large-scale MHD instabilities [1], and a moderate rotation shear can
reduce turbulence levels [2, 3, 4]. Tokamak plasmas can rotate freely around their axis
of symmetry [5, 6]. They can reach velocities of the order of the sound speed when
large amounts of momentum are injected into them, but momentum injection is not the
only way to obtain rotation in tokamaks. It has been observed that tokamak plasmas
rotate even in the absence of any obvious external sources of momentum. This natural
rotation is known as intrinsic rotation. The origin of intrinsic rotation is a redistribution
of momentum within the tokamak.
While intrinsic rotation is routinely observed in tokamaks, its characteristics
are far from universal. The experimental observations of intrinsic rotation show
complex dependences on magnetic geometry, boundary conditions, and heating sources
[7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. The direction of the rotation
depends on different parameters such as the density and the plasma current [9, 21],
and it is not the same across the plasma. There is ample evidence that gradients in
density and temperature play an important role in deciding the rotation magnitude
[10, 13, 18, 20, 22], but they do not seem to be the only causes since different RF
heating and current drive mechanisms cause different changes in the intrinsic rotation
profile [7, 11, 14, 15, 16, 19]. Magnetic geometry and boundary conditions affect
both the direction and the magnitude of the rotation [8, 12, 17]. Any comprehensive
modeling effort needs to consider the effect of the gradients, the heating and the magnetic
geometry, and must allow them to compete to obtain the variety of intrinsic rotation
profiles observed in experiments.
Theory and simulation efforts attempting to explain intrinsic rotation have
proliferated in recent years. There have been several effects that have been proposed as
causes of intrinsic rotation: RF heating and current drive [23, 24], up-down asymmetry
of the magnetic flux surfaces [25, 26, 27], the radial variation of the gradients of
density and temperature [28, 29, 30, 31], the neoclassical flows of particles and heat
parallel to the flux surface [32, 33, 34, 35, 36, 37], finite orbit width effects [32, 33],
and the poloidal variation of the turbulence characteristics [38]. The main problem
with modeling intrinsic rotation is the need to use reduced kinetic equations that are
accurate to an order higher in the small parameter ρ∗ = ρi/a  1 than is usual in
the literature [39, 40]. Here ρi is the characteristic ion gyroradius, and a is the minor
radius of the tokamak. The lowest order reduced kinetic equations that describe the
turbulent fluctuations, the gyrokinetic equations [41, 42], satisfy a symmetry in up-down
symmetric tokamaks that precludes momentum redistribution. This symmetry was first
discovered for the linear equations [43], and later extended to the nonlinear equations
[44, 45]. We need the O(ρ∗) corrections to the fluctuations and their relative phases
to break the symmetry and find net momentum flux from one flux surface to the next.
The gyrokinetic equations correct to next order in ρ∗ are cumbersome, having a large
number of terms of different origin in them. As a result, previous work on intrinsic
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rotation has focused on individual effects. In some cases, the models were not derived
from first principles and just gave a simple physical interpretation of one of the effects
[28, 29]; in other cases, the equations were derived from first principles, but the results
were obtained using a quasilinear approach that cannot give the turbulence amplitude
saturation [25, 26, 31, 38]; and, finally, there are nonlinear simulations that do not have
all the effects included [30, 34, 35, 36, 37].
This article and its companion [46] present a complete, self-consistent treatment
of intrinsic rotation in the core. We have simplified the equations using an expansion
in Bp/B  1 similar to the one proposed in [32, 33]. Here B is the magnitude of the
magnetic field and Bp is the poloidal magnetic field; in most tokamaks Bp/B ∼ r/qR ∼
0.1, where q is the safety factor, R is the major radius, and r is the minor radius of
the flux surface of interest. The expansion in Bp/B  1 can be relaxed to include
tokamaks with Bp/B ∼ 1, i.e., spherical tokamaks and regular tokamaks with strong
shaping that have large poloidal magnetic fields in regions of the plasma. The equations
for tokamaks with Bp/B ∼ 1 are in [52, 53, 54]. The differences between the equations
presented in this article and the results in [32, 33], which were the first attempt to find
a self-consistent formulation for Bp/B  1, are five: first, we consider different ion
species; second, we include the effect of ion-electron collisions that lead to a rotation
drive proportional to the difference between the electron and ion temperatures; third, we
include the effect of the injection of energy and momentum; fourth, the new equations
are derived for a turbulent eddy size that can range from the ion gyroradius ρi to the
ion poloidal gyroradius (B/Bp)ρi [47], whereas the model in [32, 33] only considered
eddies of the order of the ion gyroradius; and fifth, we present a new treatment of the
corrections to the spatial derivatives due to the slow radial and poloidal variation of
the turbulence characteristics. Our treatment of the slow derivatives is useful because
it makes the model implementable in flux tube gyrokinetic codes [48, 49, 50, 51], which
are the least computationally costly tokamak turbulence codes. The implementation of
these equations in a flux tube code is described in the companion paper [46].
In addition to computational efficiency, the equations derived in this article give a
natural classification for the different intrinsic rotation drives. Using the new equations,
we calculate how the rotation driven by each mechanism scales with different parameters
(turbulent eddy size, B/Bp, ρ∗...). Importantly, to determine these scalings, one needs a
new symmetry of the lowest order gyrokinetic equations different from the one given in
[44, 45] and valid for turbulent eddies smaller than the ion poloidal gyroradius. Finally,
we also give physical pictures to explain the scalings that we have obtained. These
physical pictures can be used to guide the analysis of experimental data.
The remainder of the article is organized as follows. In section 2 we give the equation
for plasma rotation, which depends on the momentum flux across flux surfaces. Most
of the momentum flux will be due to turbulence. In section 3 we discuss the separation
of time and length scales between turbulence and background density, temperature and
electric field profiles. We present a formalism for momentum flux that includes in a
natural way this separation of scales in sections 4 and 5, where we give a simple form of
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the momentum flux and the equations for the distribution function and the potential.
The symmetry of the lowest order gyrokinetic equations given in [44] plays an important
role in the derivation because it is the reason for needing next order corrections in the
gyrokinetic equation. Thus, we review this symmetry in section 6. In the rest of the
article we expand in Bp/B  1 to simplify the equations. To do so, we need the
scaling of the turbulence amplitude and characteristic length scales with Bp/B. In
section 7 we describe the two turbulence regimes that we consider: a regime in which
the turbulent eddies are of the order of the ion poloidal gyroradius, studied in [47],
and a regime in which the turbulence characteristic lengths are of the order of the ion
gyroradius, considered in [32, 33] and justified in [55]. In section 7 we also give the new
symmetry of the lowest order gyrokinetic equations valid for turbulence with eddies
much smaller than the ion poloidal gyroradius. In section 8, we find the equations for
intrinsic rotation valid in the two turbulence regimes described in section 7. Finally, in
section 9 we identify the possible intrinsic rotation drives in the limit Bp/B  1, and
we provide physical pictures for them. We also give the scaling of the intrinsic rotation
driven by these mechanisms with different important parameters. We conclude with a
summary of the results in section 10.
The main results of this article are the equations given in section 8, and the
discussion of the different effects in section 9. A reader interested in the final equations
and not the details of their derivation may simply read sections 8 and 9.
2. Rotation in a tokamak
In this section we discuss how to calculate the rotation in a tokamak. We first present
the basic equations for the plasma in subsection 2.1. We only treat low β plasmas in
which magnetic field fluctuations are negligible. After presenting the basic equations,
we give the toroidal angular momentum equation in subsection 2.2, and we discuss the
accuracy needed to calculate the radial flux of toroidal angular momentum.
2.1. Basic equations
The distribution function for species s, fs(r,v, t), is determined by the Fokker-Planck
equation,
∂fs
∂t
+ v · ∇fs + Zse
ms
(
E +
1
c
v ×B
)
· ∇vfs =
∑
s′
Css′ [fs, fs′ ] +Qs. (1)
Here E and B are the electric and magnetic fields, ms and Zse are the mass and charge
of species s, c is the speed of light, e is the charge of the proton, Qs are sources and sinks
of particles, momentum and energy representing the effect of the transformer electric
field, neutral beams, pellet injection and RF heating and current drive, and Css′ [fs, fs′ ]
is the Fokker-Planck collision operator for collisions between species s and s′,
Css′ [fs, fs′ ] =
γss′
ms
∇v ·
[∫
d3v′∇w∇ww ·
(
fs′(v
′)
ms
∇vfs(v)− fs(v)
ms′
∇v′fs′(v′)
)]
. (2)
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Here γss′ = 2piZ
2
sZ
2
s′e
4 ln Λ, ln Λ is Couloumb logarithm, w = v − v′, w = |w|,
∇w∇ww = (w2
↔
I −ww)/w3 and
↔
I is the unit matrix.
We assume an axisymmetric magnetic field,
B = I∇ζ +∇ζ ×∇ψ, (3)
where ψ(r) is the poloidal magnetic flux, ζ(r) is the toroidal angle, ∇ζ = ζˆ/R, ζˆ is the
unit vector in the toroidal direction, R is the major radius, I(ψ) = RBζ is a flux function
to lowest order, and Bζ is the toroidal component of the magnetic field. The poloidal
magnetic flux ψ is determined by the Grad-Shafranov equation, and the time evolution
of the function I is controlled by the current diffusion. The form for the magnetic
field in (3) is appropriate for very low β plasmas in which the turbulence is basically
electrostatic and the magnetic field is axisymmetric to a very high order. Based on this
assumption, we find that the electric field is
E = −∇φ, (4)
where φ is the electrostatic potential. The quasineutrality equation determines the
electrostatic potential,∑
s
Zs
∫
d3v fs = 0. (5)
To lowest order in the expansion parameter ρ∗  1, the quasineutrality equation
does not determine the long wavelength, flux surface averaged piece of the potential
[56, 57, 53]; this piece of the potential can only be calculated in up-down symmetric
tokamaks using the quasineutrality equation if the expansion in ρ∗ is performed to fourth
order [57, 39]. Thus, from here on it would be useful to think of the quasineutrality
equation as only determining the potential up to a long wavelength, flux surface averaged
piece that must be obtained from the conservation of toroidal angular momentum.
Proceeding in this manner, the expansion in ρ∗ only needs to be performed to second
order, as we show in section 4.
Note that in equation (5), we have neglected the term ∇2φ/4pie because we assume
that the Debye length λD =
√
Te/4pie2ne is smaller than the characteristic scale length
of the problem. Here Te is the electron temperature and ne is the electron density. In
our case, the Debye length has to be compared to the ion gyroradius ρi, i.e.,
λD
ρi
 1. (6)
In the following sections we will keep in the equations terms that are small, but among
these small terms we will never consider the term ∇2φ/4pie. The reason is that this
term does not break the symmetry described in section 6 and as a result, it does not
lead to momentum redistribution.
The Fokker-Planck equation (1) for each species and the quasineutrality equation
(5) are in principle all we need to describe the plasma, but it will be convenient to take
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moments of the Fokker-Planck equation to find transport equations for particles, energy
and momentum. These equations are of the form
∂h
∂t
+∇ ·H = Sh, (7)
where h(r, t), H(r, t) and Sh(r, t) are functions of space and time. In these equations
and in the Fokker-Planck equation, we will use flux coordinates that follow the surfaces
parallel to the magnetic field. We choose the flux coordinates (ψ, θ, ζ), where θ(r) is a
poloidal angle. The determinant of the Jacobian of the transformation r(ψ, θ, ζ) is
J (ψ, θ) = ∂r
∂ψ
·
(
∂r
∂θ
× ∂r
∂ζ
)
=
1
∇ψ · (∇θ ×∇ζ) =
1
B · ∇θ . (8)
Transport equations such as (7) will become
∂h
∂t
∣∣∣∣
ψ,θ,ζ
+
1
J
∂
∂ψ
(JH · ∇ψ) + 1J
∂
∂θ
(JH · ∇θ) + 1J
∂
∂ζ
(JH · ∇ζ) = Sh (9)
in the new variables. On several occasions we will use the flux surface average, defined
as
〈. . .〉ψ = 1
V ′
∫
dθ dζ J (. . .), (10)
where
V ′ =
∫
dθ dζ J (11)
is the derivative with respect to ψ of the volume V (ψ) bounded by the flux surface ψ.
The flux surface average applied to (9) gives
∂〈h〉ψ
∂t
+
1
V ′
∂
∂ψ
(
V ′ 〈H · ∇ψ〉ψ
)
= 〈Sh〉ψ. (12)
In section 5 equations (1), (2) and (5) will be expanded order by order in the small
parameter ρ∗  1. Before doing so, it is useful to write the equation that determines
the rotation in a tokamak because the size of the different terms in this equation will
guide the decisions made in the rest of the paper.
2.2. Conservation of toroidal angular momentum
We will see in subsection 5.1 that the poloidal rotation is damped and hence only the
toroidal rotation is of interest. For this reason, we focus on the conservation of toroidal
angular momentum. Multiplying equation (1) by Rmsv · ζˆ, integrating in velocity space,
flux surface averaging (see (12)), and summing over species, we find
∂
∂t
〈∑
s
RnsmsVs · ζˆ
〉
ψ
+
1
V ′
∂
∂ψ
V ′〈∑
s
Rms
∫
d3v fs(v · ζˆ)(v · ∇ψ)
〉
ψ

=
1
c
〈J · ∇ψ〉ψ +
〈∑
s
Rms
∫
d3v Qsv · ζˆ
〉
ψ
, (13)
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where nsVs =
∫
d3v fsv is the flow of species s, and J =
∑
s ZsensVs is the current
density. To obtain (13) we have used that ∇(Rζˆ) = ∇Rζˆ − ζˆ∇R is an antisymmetric
tensor. From quasineutrality we see that 〈J · ∇ψ〉ψ = 0. In addition, we average over
the time and length scales of the turbulence using the coarse grain average
〈. . .〉T = 1
∆t∆ψ∆θ∆ζ
∫
∆t
dt
∫
∆ψ
dψ
∫
∆θ
dθ
∫
∆ζ
dζ(. . .), (14)
where ∆t  τE, ∆ψ  aRBp, ∆θ  2pi and ∆ζ  2pi are the time and length scales
of the turbulence that are much smaller than the energy transport time τE and the size
of the device a [58]. Then, the conservation of toroidal angular momentum becomes
∂
∂t
〈〈∑
s
RnsmsVs · ζˆ
〉
ψ
〉
T
+
1
V ′
∂
∂ψ
(V ′Π) = Tζ , (15)
where
Tζ =
〈〈∑
s
Rms
∫
d3v Qsv · ζˆ
〉
ψ
〉
T
(16)
is the toroidal torque due to neutral beams, RF and other external sources, and
Π =
〈〈∑
s
Rms
∫
d3v fs(v · ζˆ) (v · ∇ψ)
〉
ψ
〉
T
(17)
is the radial flux of toroidal angular momentum.
Our objective is to calculate Π to the accuracy necessary to solve equation (15).
We will see in section 9 that in an up-down symmetric tokamak without torque (Tζ = 0)
the ion velocity is of order
Vi ∼ B
Bp
ρ∗vti, (18)
where vti =
√
2Ti/mi is the ion thermal speed, Ti is the ion temperature, and mi is the
ion mass. The characteristic time scale of variation of the background rotation is the
energy transport time τE, which we take to be bounded by
ρ2∗
vti
a
. 1
τE
. B
Bp
ρ2∗
vti
a
. (19)
The two bounds on τE are considered in detail in section 8 (see equation (213)).
In the first sections of this article, we consider ρ∗  Bp/B ∼ 1 so that we first
expand in ρ∗ (section 5) and only later perform a subsidiary expansion in Bp/B (sections
7 and 8). If we impose that all the terms in (15) are of the same order in ρ∗, we find for
Bp ∼ B
∂
∂t
〈〈∑
s
RnsmsVs · ζˆ
〉
ψ
〉
T
∼ 1
τE
Rnemiρ∗vti ∼ ρ3∗
Rp
a
, (20)
Tζ ∼ ρ3∗
Rp
a
(21)
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and
Π ∼ ρ3∗pR|∇ψ|, (22)
where p ∼ neTe is the plasma pressure, and we have assumed that all the plasma species
have comparable temperatures, i.e., Ts ∼ Ts′ for any s, s′. According to (22) we need to
go to third order in ρ∗  1 relative to pR|∇ψ| to calculate the intrinsic rotation profile.
The rest of this article gives the equations to calculate Π to this order, with the help
of the subsidiary expansion Bp/B  1. We order Tζ as in (21) so that the effect of
intrinsic rotation is not lost. If the torque is larger than the estimate given in (21), it
overwhelms the mechanisms that drive intrinsic rotation. The equations in this article
permit torques larger than the estimate in (21) as long as Vi  vti because we have
assumed that the velocity is subsonic, and as a consequence we are missing the effect of
the centrifugal force [59]. If the torque dominates, the estimate for the ion velocity is
Vi ∼ TζτE
Rnm
∼ Tζa
ρ2∗Rnmivti
>∼ρ∗vti. (23)
We proceed to derive a useful expression that gives the radial flux of toroidal angular
momentum Π with the least possible work (see section 4). We also write the equations
that are needed to calculate fs to the correct order (see section 5). In fact, in sections 4
and 6 we will show that in an up-down symmetric tokamak the moment approach used
here only requires f through second order in ρ∗, while a direct solution of the gyrokinetic
and quasineutrality equation requires f through fourth order in [57, 39].
3. Orderings
We see from (22) that we need to calculate the radial flux of toroidal angular momentum
to third order in ρ∗. To do so, we obtain an expression for the radial flux of toroidal
angular momentum Π in section 4 that is more convenient than (17). This equation for
Π depends on certain pieces of the distribution functions fs and the potential φ that are
determined by the equations given in section 5. To simplify Π and obtain the equations
for the distribution function and the potential, we need to order the different time and
length scales and the different pieces of the distribution function and the potential. We
assume Bp/B ∼ 1 initially. We impose Bp/B  1 as a subsidiary expansion later, in
sections 7 and 8.
We are interested in the tokamak core, where
νii .
vti
a
. (24)
We assume that there are many collisions in a transport time scale τE; in particular,
νee ∼ νei  νii ∼ νzi  1
τE
∼ ρ2∗
vti
a
, (25)
where νee ∼ neγee/m1/2e T 3/2e is the electron-electron collision frequency, νei ∼
neγei/m
1/2
e T
3/2
e is the electron-ion collision frequency, νii ∼ neγii/m1/2i T 3/2i is the
ion-ion collision frequency, and νzi ∼ neγzi/m1/2z T 3/2z is the impurity-ion collisional
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thermalization frequency. Here me is the electron mass, and mz and Tz are the impurity
z mass and temperature. The collision frequencies νee and νei are much larger than
any other collision frequencies because
√
me/mi  1 and
√
me/mz  1. Assumption
(25) implies that the distribution functions of the ions, electrons and impurities are
Maxwellians to lowest order. We will not consider Zz  1 or
√
mi/mz  1, giving
νzz ∼ νzz′ ∼ νiz . νzi ∼ νii (26)
for any impurities z and z′. Here the frequency for collisions between impurity
z particles, νzz ∼ nzγzz/m1/2z T 3/2z , the frequency for collisions between impurities
z and z′, νzz′ ∼ nz′γzz′/m1/2z T 3/2z , and the frequency for ion-impurity z collisions,
νiz ∼ nzγiz/m1/2i T 3/2i , are smaller than νii when the impurity density nz is smaller than
the ion density ni ∼ ne. Since we assume
√
mi/mz ∼ 1, the impurity temperatures and
the ion temperature are the same, i.e., Tz = Ti for every z ‡. Combining (24) -(26), we
obtain
ρ2∗ 
νiia
vti
∼ νzia
vtz
∼ νeea
vte
∼ νeia
vte
. 1 (27)
and
νzza
vtz
∼ νzz′a
vtz
∼ νiza
vti
. νiia
vti
(28)
for any impurities z and z′. Here vte =
√
2Te/me and vtz =
√
2Tz/mz are the electron
and impurity z thermal speed. Assumptions (27) and (28) are modified to include
factors Bp/B  1 in section 8.
Even though Ti = Tz, we want an ordering that permits different ion and electron
temperatures, Ti 6= Te. For this reason, we order
√
me/mi ∼
√
me/mz as small. In
particular, we require that the collisional temperature equilibration time be of the same
order as the transport time scale,
me
mi
νei ∼ 1
τE
∼ ρ2∗
vti
a
. (29)
Then, √
me
mi
∼
√
me
mz
∼ vti
aνii
ρ2∗  1. (30)
The consequences of this ordering are a simplification of the electron-ion and electron-
impurity collision operator, and the neglect of the ion-electron and impurity-electron
collisions in several places. The equations that we give in this article are correct as
long as
√
me/mi ∼
√
me/mz  1. The detailed balance in (30) is only a way to make
Te 6= Ti possible. If for example,
√
me/mi  (vti/aνii)ρ2∗, our equations will just give
Te ' Ti.
We order the sources Qs in (1) to be consistent with the transport time scale τE,
Qs ∼ fMs
τE
∼ ρ2∗fMs
vti
a
, (31)
‡ In [60] the assumption Ti = Tz is relaxed for partially ionized, heavy impurities.
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where we have used that to lowest order fs ' fMs is a Maxwellian fMs, given below in
(73). Note that we must order the momentum input term in Qs as smaller by ρ∗ than
the energy and particle source terms since according to (21)∫
d3v Qsv ∼ ρ3∗
vti
a
v4tsfMs  Qsv4ts. (32)
Before ordering the distribution functions and the electrostatic potential, we use
the coarse grain average (14) to split the distribution functions and the electrostatic
potential into long wavelength and turbulent components. For example, the long
wavelength potential is
φlw = 〈φ〉T, (33)
and the turbulent piece is
φtb = φ− 〈φ〉T = φ− φlw. (34)
A similar separation applies to the distribution functions, fs = f
lw
s +f
tb
s , although in the
case of fs, the scale separation will be performed in guiding center space (see subsection
3.3). The turbulent pieces describe the turbulent fluctuations in density, temperature,
velocity and electric field, characterized by being small compared to the background
density, temperature, velocity and electric field profiles [58] that are contained in the
long wavelength pieces.
It is useful to discuss the assumptions for the size of the gradients and time
derivatives of the potential and the distribution functions separately because the
distribution function is most conveniently written in gyrokinetic variables, and the
assumptions must be expressed in terms of those variables. For this reason, we give
the assumptions for the electrostatic potential in subsection 3.1, and we use them to
present the gyrokinetic coordinates in subsection 3.2. Then, with these variables, we
will give our assumptions for the size of the gradients and the time derivatives of the
distribution function in subsection 3.3. Our assumptions for the distribution functions
are expressed in terms of gyrokinetic coordinates, but in subsection 3.3 we also discuss
the implications of our ordering in real space coordinates.
3.1. Electrostatic potential
We write the potential as
φlw(r, t) = φ0(ψ(r), t) + φ
lw
1 (ψ(r), θ(r), t) + φ
lw
2 (ψ(r), θ(r), t) + . . . (35)
and
φtb(r, t) = φtb1 (r, t) + φ
tb
2 (r, t) + . . . , (36)
where
eφ0
Te
∼ 1 (37)
Intrinsic rotation in tokamaks: theory 11
and
eφlwn
Te
∼ eφ
tb
n
Te
∼ ρn∗ (38)
for n ≥ 1. Note that the turbulent potential fluctuations are small compared to the
background potential. The lowest order long wavelength potential is a flux function,
φ0(ψ, t), due to quasineutrality. The long wavelength higher order corrections φ
lw
1 (ψ, θ, t)
and φlw2 (ψ, θ, t) are axisymmetric, but unlike φ0(ψ, t), they depend on θ. The toroidal
velocity and φ0(ψ, t) are related to each other (see (269)), and as a result, φ0(ψ, t) is
determined by the conservation of toroidal angular momentum (15), where the radial
flux of toroidal angular momentum (102) is comprised of the contributions (256) to
(265). The higher order components φlw1 , φ
tb
1 , φ
lw
2 and φ
tb
2 are calculated as functions of
φ0 and the background gradients of density and temperature.
The long wavelength components have characteristic length scales of the size of the
machine and time scales of the order of the transport time scale τE. Then,
∂
∂t
lnφlwn ∼ ρ2∗
vti
a
(39)
and
∇ lnφlwn ∼
1
a
. (40)
For the turbulent piece of the electrostatic potential, we need to distinguish between
the two directions perpendicular to the magnetic field line and the direction parallel to
it. The reason is that the size of the turbulent structures is of order ρi in the directions
perpendicular to the magnetic field, and of order a ∼ R in the parallel direction. We
use the spatial coordinates ψ and α, which are defined such that B = ∇α × ∇ψ, as
the coordinates for the two directions perpendicular to the magnetic field line. The
coordinate ψ determines the flux surface, and the coordinate α determines the magnetic
field line within the flux surface,
α = ζ −
∫ θ
dθ′
I(ψ)J (ψ, θ′)
[R(ψ, θ′)]2
. (41)
The Jacobian J is defined in (8). The third spatial coordinate that determines the
position along the magnetic field line is the poloidal angle θ. In the perpendicular
direction, we assume statistical periodicity, i.e., the plasma properties at points that are
one correlation length apart should be statistically the same, and as a result, we can
use Fourier analysis, giving
φtbn (r, t) =
∑
kψ ,kα
φtb
n
(kψ, kα, ψ(r), θ(r), t) exp(ikψψ(r) + ikαα(r)). (42)
From here on we use the underline to denote Fourier coefficients of any function with
turbulent pieces. We assume that
kψ ∼ 1
ρiRBp
(43)
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and
kα ∼ R
ρi
, (44)
giving characteristic perpendicular lengths of order ρi for the turbulence. The turbulent
fluctuations also have long characteristic length scales that show the dependence of the
turbulent fluctuations on the slow background profiles of density and temperature. The
slow length scales are captured by the dependence of φtb
n
on ψ and θ,
∂
∂ψ
lnφtb
n
∼ 1
aRBp
(45)
and
∂
∂θ
lnφtb
n
∼ 1. (46)
The dependence on θ also gives the length of the turbulent eddies along magnetic field
lines. The turbulent time scale is assumed to be
∂
∂t
lnφtb
n
∼ vti
a
. (47)
We will use the slow derivatives in ψ and θ, ordered as in (45) and (46), to capture the
effect of the slow variation of the turbulence characteristics on intrinsic rotation.
With the form in (42), the perpendicular component of the gradient of φtb is
∇⊥φtbn =
∑
kψ ,kα
(
ik⊥φ
tb
n
+∇ψ∂φ
tb
n
∂ψ
+∇⊥θ
∂φtb
n
∂θ
)
exp(ikψψ + ikαα) ∼ φ
tb
n
ρi
, (48)
where the term proportional to
k⊥ = kψ∇ψ + kα∇α ∼ 1
ρi
(49)
is the dominant term. The parallel gradient is
bˆ · ∇φtbn =
∑
kψ ,kα
bˆ · ∇θ∂φ
tb
n
∂θ
exp(ikψψ + ikαα) ∼ φ
tb
n
a
. (50)
Note that the orderings (37), (38), (40) and (48) imply
∇φlw ∼ ∇φtb ∼ Te
ea
. (51)
This size for the electric field is consistent with (18) because it implies that the E×B
drift is of order ρ∗vti.
3.2. Gyrokinetic variables
Before expanding the distribution functions fs in ρ∗  1, it is convenient to write the
distribution functions in gyrokinetic variables. Gyrokinetics [41, 42] separates the fast
gyromotion time scale Ω−1s from the slower turbulent time a/vts by expanding in the
small parameter ρs/a 1 while still allowing wavelengths comparable to the gyroradius.
Here Ωs = ZseB/msc, vts =
√
2Ts/ms and ρs = vts/Ωs are the gyrofrequency, thermal
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speed and gyroradius of species s. Gyrokinetics defines new phase space variables
order by order in the small parameter ρs/a  1 such that the Fokker-Planck equation
(1) written in these new coordinates satisfies certain properties (see section 5 and in
particular, equations (110)-(113)). We can obtain the gyrokinetic variables {R, u, µ, ϕ}
up to second order in ρs/a  1 following the recursive procedure in [56] that can be
applied to an electrostatic electric field E = −∇φ that satisfies assumptions (37) - (40),
(47), (48) and (50). In this article, due to the expansion in Bp/B  1 performed in
sections 7 and 8, it is sufficient to know that the expansion can be carried out to second
order. The details of the second order calculation are not needed §. The gyrokinetic
variables are the guiding center position
R = Rg + R2 + . . . , (52)
the guiding center parallel velocity
u = v|| + u1 + u2 + . . . , (53)
the magnetic moment
µ = µ0 + µ1 + µ2 + . . . (54)
and the gyrokinetic gyrophase
ϕ = ϕ0 + ϕ1 + ϕ2 + . . . (55)
Here
Rg = r +
1
Ωs
v × bˆ (56)
is the lowest order Catto transformation [41], v|| = v · bˆ is the particle velocity parallel
to the magnetic field, bˆ(r) = B/B is the unit vector in the direction of the magnetic
field,
µ0 =
v2⊥
2B
(57)
is the lowest order magnetic moment, v⊥ = v−v||bˆ is the particle velocity perpendicular
to the magnetic field,
ϕ0 = arctan
(
v · eˆ2
v · eˆ1
)
(58)
is the lowest order gyrophase, and eˆ1(r) and eˆ2(r) are two unit vectors perpendicular
to each other and perpendicular to bˆ(r) that satisfy eˆ1 × eˆ2 = bˆ. The quantities
u1 ∼ (ρs/a)vts, µ1 ∼ (ρs/a)v2ts/B and ϕ1 ∼ ρs/a are the first order corrections
to the gyrokinetic variables, and the quanties R2 ∼ (ρs/a)2a, u2 ∼ (ρs/a)2vts,
µ2 ∼ (ρs/a)2v2ts/B and ϕ2 ∼ (ρs/a)2 are the second order corrections. For most of
this article, we only need to know that u1, µ1, ϕ1, R2, u2, µ2 and ϕ2 exist and can be
§ The complete expansion to second order in ρs/a  1 is given in [52] following a formalism slightly
different from the one used here.
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calculated recursively. When calculating the quasineutrality equation, we will need the
first order corrections to the parallel velocity and the magnetic moment, given by [56]
u1 =
v||
Ωs
bˆ · ∇bˆ · (v × bˆ) + 1
4Ωs
[v⊥(v × bˆ) + (v × bˆ)v⊥] : ∇bˆ + v
2
⊥
2Ωs
bˆ · ∇ × bˆ (59)
and
µ1 =
Zseφ˜
msB
− v
2
⊥
2B2Ωs
(v × bˆ) · ∇B − v
2
||
BΩs
bˆ · ∇bˆ · (v × bˆ)
− v||
4BΩs
[v⊥(v × bˆ) + (v × bˆ)v⊥] : ∇bˆ− v||v
2
⊥
2BΩs
bˆ · ∇ × bˆ. (60)
Our double-dot convention is ac :
↔
M= c·
↔
M ·a. The function φ˜ is ‖
φ˜(R, µ, ϕ, t) = φ(R + ρ(R, µ, ϕ), t)− φ(R, µ, t), (61)
where
φ(R, µ, t) =
1
2pi
∫ 2pi
0
dϕφ(R + ρ(R, µ, ϕ), t) (62)
is the average of φ(r, t) around a circular gyro-orbit, and
ρ(R, µ, ϕ) =
msc
Zse
√
2µ
B(R)
(− sinϕ eˆ1(R) + cosϕ eˆ2(R)) (63)
is the gyroradius.
The functions φ and φ˜ can be rewritten in more convenient forms. We show how
to obtain these different forms of φ and φ˜ in Appendix A. In particular, we obtain
φ(R, µ, t) = φ
lw
+ φ
tb
, (64)
where
φ
lw
= φ0(R, t) + φ
lw
1 + φ
lw
2 +O
(
ρ3∗
Te
e
)
(65)
is the long wavelength component of φ, and
φ
tb
=
∑
kψ ,kα
(φ
tb
1
+ φ
tb
2
) exp(ikψψ(R) + ikαα(R)) +O
(
ρ3∗
Te
e
)
(66)
is the turbulent piece. The first order pieces φ
lw
1 and φ
tb
1
are
φ
lw
1 = φ
lw
1 (R, t) (67)
and
φ
tb
1
= J0(Λs)φ
tb
1
(kψ, kα, ψ(R), θ(R), t), (68)
where Jn is the n-th order Bessel function of the first kind,
Λs(R, µ) =
k⊥(R)msc
Zse
√
2µ
B(R)
(69)
‖ The definitions of φ and φ˜ here are the definitions given in [52, 61], and they are slightly different
from the definitions in [56]. The difference is discussed in detail in [62] and it is O(ρ2∗Te/e).
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and k⊥(R) is the function
k⊥(r) = |k⊥(r)| = (k2ψ|∇ψ|2 + 2kψkα∇ψ · ∇α + k2α|∇α|2)1/2 (70)
with r replaced by R. The second order pieces φ
lw
2 and φ
tb
2
are given in Appendix A, in
equations (A.2) and (A.4).
3.3. Distribution functions
Using the gyrokinetic variables {R, u, µ, ϕ}, the distribution function fs = f lws +f tbs can
be written as
f lws (R, u, µ, ϕ, t) = fMs(ψ(R), θ(R)u, µ, t) + f
lw
s1 (ψ(R), θ(R), u, µ, t)
+f lws2 (ψ(R), θ(R), u, µ, ϕ, t) + . . . (71)
and
f tbs (R, u, µ, ϕ, t) = f
tb
s1 (R, u, µ, t) + f
tb
s2 (R, u, µ, ϕ, t) + . . . (72)
The distribution function to lowest order only has a long wavelength component and it
is Maxwellian because of assumption (25),
fMs = ns(ψ(R), t)
(
ms
2piTs(ψ(R), t)
)3/2
exp
(
−ms(u
2 + 2µB(ψ(R), θ(R)))
2Ts(ψ(R), t)
)
. (73)
Note that the density ns(ψ, t) and the temperature Ts(ψ, t) are flux functions because
of assumption (24). The Maxwellian is stationary because we are assuming that the
velocity is subsonic (see (18)). The long wavelength corrections to the distribution
function f lws1 (ψ, θ, u, µ, t) and f
lw
s2 (ψ, θ, u, µ, ϕ, t) are axisymmetric. The size of the
corrections to the Maxwellian for ionic species (s 6= e) is
f lwsn
fMs
∼ f
tb
sn
fMs
∼ ρn∗ . (74)
The electron distribution function is an exception to this rule as shown below. Note
that in (71) and (72), only the second order pieces f lws2 and f
tb
s2 depend on the gyrophase
ϕ. We will prove that this is the case in section 5, although in section 8 we are able to
show that this gyrophase dependence is negligible in the Bp/B  1 expansion.
The electron distribution function does not follow equation (74) because√
me/mi  1. The pieces of the distribution function even in u are of order
f lwen(u) + f
lw
en(−u)
fMe
∼ f
tb
en(u) + f
tb
en(−u)
fMe
∼ ρn∗ . (75)
Equation (75) is deduced from quasineutrality: the higher order corrections to the
electron density,∫
d3v f lwen ∼
f lwen(u) + f
lw
en(−u)
fMe
ne (76)
and ∫
d3v f tben ∼
f tben(u) + f
tb
en(−u)
fMe
ne, (77)
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have to be of the same order as the higher order corrections to the ion density,∫
d3v f lwin ∼ ρn∗ne and
∫
d3v f tbin ∼ ρn∗ne. The pieces of the distribution function odd
in u are
f lwen(u)− f lwen(−u)
fMe
∼ f
tb
en(u)− f tben(−u)
fMe
∼
√
me
mi
ρn∗  ρn∗ . (78)
The reason for this estimate is that the higher order electron flows,∫
d3v f lwenv ∼
f lwen(u)− f lwen(−u)
fMe
nevte (79)
and ∫
d3v f tbenv ∼
f tben(u)− f tben(−u)
fMe
nevte, (80)
must be of the same order as the higher order corrections to the ion flow,
∫
d3v f lwin v ∼
ρn∗nevti and
∫
d3v f tbinv ∼ ρn∗nevti, again due to quasineutrality.
We assume that the time and length scales of the distribution functions and the
electrostatic potential are similar. The long wavelength piece of the distribution function
satisfies
∂
∂t
ln f lwsn ∼ ρ2∗
vti
a
(81)
and
∇R ln f lwsn ∼
1
a
. (82)
We write the turbulent piece of the distribution function as
f tbsn(R, u, µ, ϕ, t) =
∑
kψ ,kα
f tb
sn
(kψ, kα, ψ(R), θ(R), u, µ, ϕ, t) exp(ikψψ(R) + ikαα(R)), (83)
where kψ and kα are ordered as in (43) and (44). The dependence of f
tb
sn
on ψ and θ
represents the long wavelength of the turbulence along the magnetic field and the slow
radial and poloidal variation of the turbulence fluctuations due to the spatially varying
background profiles and magnetic field. Then,
∂
∂ψ
ln f tb
sn
∼ 1
aRBp
(84)
and
∂
∂θ
ln f tb
sn
∼ 1. (85)
The time derivative is ordered as
∂
∂t
ln f tb
sn
∼ vti
a
, (86)
Finally, we order the velocity space derivatives as
∂
∂u
ln f lwsn ∼
∂
∂u
ln f tb
sn
∼ 1
vts
, (87)
∂
∂µ
ln f lwsn ∼
∂
∂µ
ln f tb
sn
∼ B
v2ts
(88)
Intrinsic rotation in tokamaks: theory 17
and for n ≥ 2
∂
∂ϕ
ln f lwsn ∼
∂
∂ϕ
ln f tb
sn
∼ 1. (89)
From (83), we find that the perpendicular gradient of the n-th order distribution
function is
∇R⊥f tbsn(R, u, µ, ϕ, t) =∑
kψ ,kα
(
ik⊥f
tb
sn
+∇Rψ
∂f tb
sn
∂ψ
+∇R⊥θ
∂f tb
sn
∂θ
)
exp(ikψψ + ikαα) ∼
f tb
sn
ρi
, (90)
where k⊥ is defined in (49), and the term proportional to k⊥ in (90) is the largest term.
The parallel gradient is
bˆ(R) · ∇Rf tbsn(R, u, µ, ϕ, t) =
∑
kψ ,kα
bˆ(R) · ∇Rθ
∂f tb
sn
∂θ
exp(ikψψ + ikαα) ∼
f tb
sn
a
. (91)
Assumptions (74), (82) and (90) give
∇Rf lws ∼ ∇Rf tbs ∼
fMs
a
. (92)
Since the distribution functions are functions of the gyrokinetic variables, we need
to write them as functions of {r,v} to be able to integrate over velocity space to find
densities, flows and pressures. We change variables in Appendix B. The long wavelength
component of fs written in {r,v} is
[fs]
lw = fMs(r, v||, µ0, t) + [fs]lw1 + [fs]
lw
2 +O(ρ
3
∗fMs), (93)
and the turbulent piece is
[fs]
tb =
∑
kψ ,kα
([fs]
tb
1
+ [fs]
tb
2
) exp(ikψψ(r) + ikαα(r)) +O(ρ
3
∗fMs). (94)
The square brackets denote that fs is written in {r,v} coordinates instead of {R, u, µ, ϕ}
coordinates. Note that f lws 6= [fs]lw and f tbs 6= [fs]tb. The first order pieces are
[fs]
lw
1 = f
lw
s1 (r, v||, µ0, t) + ∆f
lw
s1 (95)
and
[fs]
tb
1
= f tb
s1
(kψ, kα, ψ(r), θ(r), v||, µ0, t) exp
(
ik⊥ · (v × bˆ)
Ωs
)
+ ∆f tb
s1
, (96)
where using (59) and (B.4),
∆f lws1 =
1
Ωs
(v × bˆ) ·
[∇ns
ns
+
Zse∇φ0
Ts
+
(
msv
2
2Ts
− 3
2
) ∇Ts
Ts
]
fMs ∼ ρs
a
fMs (97)
and
∆f tb
s1
= −ZsefMs
Ts
[
1− J0(λs) exp
(
ik⊥ · (v × bˆ)
Ωs
)]
φtb
1
(kψ, kα, ψ(r), θ(r), t). (98)
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Here
λs(r, v⊥) =
k⊥(r)v⊥
Ωs(r)
. (99)
The second order pieces of the distribution function written in {r,v} coordinates are
[fs]
lw
2 = f
lw
s2 (r, v||, µ0, ϕ0, t) + ∆f
lw
s2 (100)
and
[fs]
tb
2
= f tb
s2
(kψ, kα, ψ(r), θ(r), v||, µ0, ϕ0, t) exp
(
ik⊥ · (v × bˆ)
Ωs
)
+ ∆f tb
s2
, (101)
where ∆f lws2 and ∆f
tb
s2
are given in Appendix B, in equations (B.6) and (B.7). When we
expand in Bp/B  1 in section 8, we will see that the complicated functions ∆f lws2 and
∆f tb
s2
simplify considerably.
4. Radial flux of toroidal angular momentum
To find the radial flux of toroidal angular momentum Π, we first manipulate expression
(17) using the Fokker-Planck equations (1). We follow the same procedure as in [32, 33].
The equation for Π given here is different from the expression in [32, 33] because in this
derivation we consider multiple ion species, interspecies collisions and the sources and
sinks Qs.
We want to find an expression for Π that does not require high order pieces of the
distribution functions and the potential. According to the estimate (22), the distribution
functions fs would have be known to O(ρ
3
∗fMs) to find the correct Π using (17), and the
contributions to Π of O(pR|∇ψ|), O(ρ∗pR|∇ψ|) and O(ρ2∗pR|∇ψ|) must vanish. Using
moments of the Fokker-Planck equations (1) as explained in Appendix C, we find that
Π can be written as
Π = Π−1 + Π0, (102)
where
Π−1 = −
〈〈∑
s 6=e
∑
kψ ,kα
Rmscikα(φ
tb
1
)∗
∫
d3v [fs]
tb
1
(v · ζˆ)
〉
ψ
〉
t
−
〈 ∑
s 6=e,s′ 6=e
R2m2sc
2Zse
∫
d3v C
(`)
ss′
[
[fs]
lw
1 ; [fs′ ]
lw
1
]
(v · ζˆ)2
〉
ψ
(103)
is the lowest order radial flux of toroidal angular momentum, formally of order
ρ2∗pR|∇ψ|, and
Π0 =
∂
∂t
(∑
s 6=e
〈R2〉ψmscps
2Zse
)
+
1
V ′
∂
∂ψ
[
V ′
(
−
〈〈∑
s 6=e
∑
kψ ,kα
R2m2sc
2
2Zse
ikα(φ
tb
1
)∗
∫
d3v [fs]
tb
1
(v · ζˆ)2
〉
ψ
〉
t
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−
〈 ∑
s 6=e,s′ 6=e
R3m3sc
2
6Z2s e
2
∫
d3v C
(`)
ss′
[
[fs]
lw
1 ; [fs′ ]
lw
1
]
(v · ζˆ)3
〉
ψ
)]
−
〈〈∑
s 6=e
∑
kψ ,kα
Rmscikα(φ
tb
1
)∗
∫
d3v [fs]
tb
2
(v · ζˆ)
〉
ψ
〉
t
−
〈〈∑
s 6=e
∑
kψ ,kα
Rmscikα(φ
tb
2
)∗
∫
d3v [fs]
tb
1
(v · ζˆ)
〉
ψ
〉
t
−
〈 ∑
s 6=e,s′ 6=e
R2m2sc
2Zse
∫
d3v C
(`)
ss′
[
[fs]
lw
2 ; [fs′ ]
lw
2
]
(v · ζˆ)2
〉
ψ
−
〈 ∑
s6=e,s′ 6=e
R2m2sc
2Zse
∫
d3v Css′
[
[fs]
lw
1 , [fs′ ]
lw
1
]
(v · ζˆ)2
〉
ψ
−
〈 ∑
s6=e,s′ 6=e
R2m2sc
2Zse
∫
d3v
〈∑
kψ ,kα
Css′
[
([fs]
tb
1
)∗, [fs′ ]
tb
1
]〉
t
(v · ζˆ)2
〉
ψ
−
∑
s 6=e
〈R2〉ψmec
Zse
neνes(Te − Ti)−
〈∑
s 6=e
R2m2sc
2Zse
∫
d3v Qs(v · ζˆ)2
〉
ψ
(104)
is the piece of Π that is explicitly of order ρ3∗pR|∇ψ|. Here z∗ is the complex conjugate
of z,
〈. . .〉t = 1
∆t
∫
∆t
dt (. . .) (105)
is the average over the turbulent time scale, ps = nsTs is the pressure of species s,
C
(`)
ss′ [gs; gs′ ] = Css′ [gs, fMs′ ] + Css′ [fMs, gs′ ] =
γss′
ms
∇v ·
[ ∫
d3v′ fMs(v)fMs′(v′)∇g∇gg ·
(
1
ms
∇v
(
gs(v)
fMs(v)
)
− 1
ms′
∇v′
(
gs′(v
′)
fMs′(v′)
))]
(106)
is the linearized collision operator for s 6= e and s′ 6= e (see Appendix D and Appendix
E), and
νes =
4
√
2pi
3
Z2s e
4ns ln Λ
m
1/2
e T
3/2
e
(107)
is the collision frequency for collisions between electrons and species s. In the linearized
collision operator (106), we use a semicolon to separate the two arguments to emphasize
that it is not a bilinear operator, but the sum of two linear operators: one linear on gs
and another linear on gs′ .
In (102) the O(ρ2∗Rp|∇ψ|) contribution Π−1 vanishes for up-down symmetric
tokamaks due to the symmetry described in [44, 45] and revisited in section 6.
Expression (102) only requires a distribution function correct to O(ρ2∗fMs) to find Π
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to O(ρ3∗Rp|∇ψ|). Equation (102) is not the only way to write the radial flux of toroidal
angular momentum. A detailed explanation of why this form is convenient for νii . vti/a
is given in Appendix B of [33].
5. Gyrokinetic equations
In this section we discuss the gyrokinetic equations valid to second order in ρ∗ without
performing the subsidiary expansion in Bp/B  1. The gyrokinetic equations that we
present here are different from the gyrokinetic equations in previous work [32, 33] for
several reasons: we consider several ion species, the ion-electron collisions are included,
we include the effect of sources of particles and energy, and we present a new treatment of
the radial variation of the background gradients that does not require global gyrokinetic
simulations.
The gyrokinetic equation for the distribution function fs(R, u, µ, ϕ, t) is given by
∂fs
∂t
+ R˙s · ∇Rfs + u˙s∂fs
∂u
+ µ˙s
∂fs
∂µ
+ ϕ˙s
∂fs
∂ϕ
=
∑
s′
Css′ [fs, fs′ ] +Qs, (108)
where the time derivative is taken holding R, u, µ and ϕ fixed, and the Vlasov operator
applied to a function h(r,v, t) is denoted by
h˙ =
∂h
∂t
+ v · ∇h+ Zse
ms
(
−∇φ+ 1
c
v ×B
)
· ∇vh. (109)
The gyrokinetic variables R, u and ϕ, given in (52), (53) and (55), are chosen such that
the coefficients R˙s ∼ vts, u˙s ∼ v2ts/a and ϕ˙s ∼ Ωs do not depend on the gyrophase to a
very high order in ρ∗ [56]; in particular,
∂R˙s
∂ϕ
= O
(
ρ3∗vts
)
, (110)
∂u˙s
∂ϕ
= O
(
ρ3∗
v2ts
a
)
(111)
and
∂ϕ˙s
∂ϕ
= O
(
ρ3∗Ωs
)
. (112)
The gyrokinetic variable µ, given in (54), is defined such that the coefficient µ˙s is zero
to a very high order,
µ˙s = O
(
ρ3∗
v3ts
Ba
)
. (113)
The coefficients R˙s, u˙s and ϕ˙s are calculated to lowest order in [56]. For our purposes,
it is sufficient to know that
R˙s = ubˆ + vMs − c
B
∇Rφ× bˆ + R˙s2 (114)
and
u˙s = −
(
bˆ +
u
Ωs
bˆ× κ
)
·
(
µ∇RB + Zse
ms
∇Rφ
)
+ u˙s2, (115)
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where
vMs =
µ
Ωs
bˆ×∇RB + u
2
Ωs
bˆ× κ (116)
are the ∇B and curvature drifts,
κ = bˆ · ∇Rbˆ (117)
is the magnetic field line curvature, and the terms R˙s2 and u˙s2 are of order
R˙s2 ∼ ρ2∗vts (118)
and
u˙s2 ∼ ρ2∗
v2ts
a
. (119)
For the rest of the paper, we will only need to know that R˙s2 and u˙s2 can be calculated
and that their size is given by (118) and (119).
The gyrophase dependent piece of fs is
f˜s = fs − 〈fs〉. (120)
The triangular brackets denote the gyroaverage holding R, u, µ and t fixed, i.e.
〈h〉(R, u, µ, t) = 1
2pi
∫ 2pi
0
dϕ′ h(R, u, µ, ϕ′, t). (121)
From (108), we find [53, 56, 63]
f˜s ' − 1
Ωs
∑
s′
∫ ϕ
dϕ′ (Css′ [fs, fs′ ](R, u, µ, ϕ′, t)− 〈Css′ [fs, fs′ ]〉(R, u, µ, t)). (122)
Using the fact that the lowest order distribution functions are Maxwellians with
temperatures consistent with the mass of the species (see (25) and (29) and the
discussion around them), the long wavelength and short wavelength pieces of the
gyrophase dependent piece of the distribution function can be calculated, giving
f˜ lws ' f˜ lws2 = −
1
Ωs
∑
s′
∫ ϕ
dϕ′C(`)ss′ [∆f
lw
s1 ; ∆f
lw
s′1] ∼
aνii
vti
(ρs
a
)2
fMs .
(ρs
a
)2
fMs (123)
and
f˜ tbs ' f˜ tbs2 =
∑
kψ ,kα
f˜
tb
s2
(kψ, kα, ψ(R), θ(R), u, µ, ϕ, t) exp(ikψψ(R) + ikαα(R))
∼ aνii
vti
(ρs
a
)2
fMs .
(ρs
a
)2
fMs, (124)
where
f˜
tb
s2
= − 1
Ωs
∑
s′
∫ ϕ
dϕ′
(
C
(`)
ss′
[
[fs]
tb
1
; [fs′ ]
tb
1
]
exp(ik⊥ · ρ)
−
〈
C
(`)
ss′
[
[fs]
tb
1
; [fs′ ]
tb
1
]
exp(ik⊥ · ρ)
〉)
, (125)
and ρ is defined in (63). Expression (125) is derived in Appendix F. The linearized
collision operators C
(`)
ss′ are defined in (106), and we have used (27) and (28) for the size
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of the collision frequencies to estimate the size of f˜ lws and f˜
tb
s , given in (123) and (124).
These estimates led us to assume that the first order terms f lws1 and f
tb
s1 did not depend
on gyrophase in (71) and (72).
To find the equation for the gyroaveraged distribution function 〈fs〉(R, u, µ, t), we
gyroaverage (108), and we use equations (123) and (124) for the gyrophase dependent
part f˜s and equation (113) for µ˙s. The final result is an equation correct to order (ρs/a)
2,
∂〈fs〉
∂t
+ R˙s · ∇R〈fs〉+ u˙s∂〈fs〉
∂u
=
∑
s′
〈Css′ [〈fs〉+ f˜s, 〈fs′〉+ f˜s′ ]〉+ 〈Qs〉. (126)
In addition to the gyrokinetic equation (126), we need to solve the quasineutrality
equation (5) to find the potential. Since fs(R, u, µ, ϕ, t) is calculated as a function of
the gyrokinetic variables, we need expressions (95), (96), (100) and (101) that give the
distribution function fs written in {r,v} coordinates to order (ρs/a)2. Equations (95),
(96), (100) and (101) are also needed inside the collision operator in (126) because the
collision operator is more easily written in {r,v} coordinates.
With R˙s and u˙s given to the accuracy in (114) and (115), and the expressions (95),
(96), (100) and (101) for the distribution function fs written in {r,v} coordinates, the
gyrokinetic equation and the quasineutrality equation are sufficiently accurate to give
f lws1 , φ
lw
1 , f
tb
s1 , φ
tb
1 , f
lw
s2 , φ
lw
2 , f
tb
s2 and φ
tb
2 . These first and second order pieces are necessary
to calculate the momentum flux Π in (102). The corrections R2, u2, µ2 and ϕ1, and
the terms R˙s2 and u˙s2 are then, in principle, needed. These higher order terms are
calculated in [52], but they are messy. We want to write simplified equations that are
less complicated and easier to implement in existing codes. To do that, we will exploit
the small parameter Bp/B  1 in sections 7 and 8.
Before expanding in Bp/B  1, we give and discuss the equations for f lws1 , φlw1 , f tbs1
and φtb1 in subsections 5.1 and 5.2. Finally, in subsections 5.3 and 5.4 we briefly discuss
the second order equations.
5.1. Long wavelength, first order equations
Taking the first order long wavelength terms of equation (126) (see, for example, [53]),
we obtain(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
f lws1 −
∑
s′
C
(`)
ss′ [f
lw
s1 ; f
lw
s′1] = −vMs · ∇Rψ
[
∂
∂ψ
ln ps
+
Zse
Ts
∂φ0
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
∂
∂ψ
lnTs
]
fMs
−ZsefMs
Ts
ubˆ · ∇Rθ∂φ
lw
1
∂θ
. (127)
We have used the decompositions (65) and (71).
The linearized collision operator C
(`)
ss′ in (106) is written more naturally in the
{r,v} coordinates, or, equivalently, in the {r, v||, µ0, ϕ0}. We need to transform it to
{R, u, µ, ϕ} coordinates, but since to lowest order, R ' r, u ' v||, µ ' µ0 and ϕ ' ϕ0,
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to this order it is sufficient to replace {r, v||, µ0, ϕ0} by {R, u, µ, ϕ}. This is what is done
in (127).
In equation (127) for ionic species (s 6= e), the linearized ion-electron and impurity-
electron collision operators, C
(`)
se , are negligible. We explain why in Appendix D. If we
want to consider the electron neoclassical particle flux, these terms cannot be neglected.
The effect of the electron neoclassical particle flux is, however, usually small. In equation
(127) for the electrons (s = e), we use a simplified form for the linearized electron-ion and
electron-impurity collision operator because
√
me/mi ∼
√
me/mz  1 (see Appendix
E),
C
(`)
es′ [ge; gs′ ] '
4
√
2pi
3
νes′
(
Te
me
)3/2
∇v ·
[
∇v∇vv · ∇v
(
ge − mev ·Us′
Te
fMe
)]
, (128)
where νes′ is defined in (107), and
Us′ =
1
ns′
∫
d3v gs′v. (129)
The first order long wavelength electrostatic potential φlw1 can be obtained from
quasineutrality,
2pi
∑
s 6=e
Zs
∫
dv|| dµ0Bf lws1 (r, v||, µ0, t) =
eφlw1
Te
ne, (130)
where we have used that the determinant of the Jacobian of the transformation between
{v} and {v||, µ0, ϕ0} is B, and we have taken into account that the electrons are adiabatic
to lowest order (see (134) below).
To estimate the size of f lws1 and compare it to our orderings (74), (75) and (78), we
define the function
glws1 = f
lw
s1 +
Iu
Ωs
[
1
ps
∂ps
∂ψ
+
Zse
Ts
∂φ0
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
1
Ts
∂Ts
∂ψ
]
fMs
+
Zseφ
lw
1
Ts
fMs, (131)
with I = RBζ (see (3)). The equation for g
lw
s1 is obtained from the equation for f
lw
s1 ,
(127), by realizing that
vMs · ∇Rψ =
(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
Iu
Ωs
. (132)
With this expression, equation (127) becomes(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
glws1 −
∑
s′
C
(`)
ss′ [f
lw
s1 ; f
lw
s′1] = 0. (133)
From equation (133), we see that (74) is satisfied for ionic species (s 6= e). We also find
that the lowest order piece of f lwe1 that is even in u is the Maxwell-Boltzmann response
1
2
(f lwe1 (u) + f
lw
e1 (−u)) =
eφlw1
Te
fMe +O
(√
me
mi
ρ∗fMe
)
, (134)
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giving (75). Solving (127) to next order shows that the piece of f lwe1 odd in u follows
(78).
The solution to (127) gives the long wavelength flow of the different ionic species,
which in general has the form [64, 65]
nsV
lw
s =
∫
d3v 〈fs(R, u, µ, ϕ, t)〉Tv '
∫
d3v
(
f lws1 (r, v||, µ0, t) + ∆f
lw
s1
)
v
= −
(
c
∂φ0
∂ψ
+
c
Zsens
∂ps
∂ψ
)
nsRζˆ +Ks(ψ, t)B, (135)
where we have used (95). The flux function Ks(ψ, t) depends on the ion temperature
gradient and the pressure gradients of the ions and the impurities. If the impurity density
is very small, Ki(ψ, t) only depends on the ion temperature gradient. The velocity V
lw
s
is then completely determined except for the radial electric field ∂φ0/∂ψ (in particular,
the poloidal component of the flow is completely determined due to collisional damping).
Thus, the toroidal angular momentum equation (15) can be understood as an equation
for the lowest order radial electric field, ∂φ0/∂ψ.
5.2. Short wavelength, first order equations
The turbulent pieces of the distribution functions are more easily given in terms of
Fourier components (see (83)). Then, taking the short wavelength component of (126)
to first order in ρ∗, and Fourier analyzing it, we find
∂f tb
s1
∂t
+
(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
f tb
s1
+
(
−ikαc∂φ0
∂ψ
+ ik⊥ · vMs
)
f tb
s1
−
∑
s′
CGKss′
[
f tb
s1
; f tb
s′1
]
+ {φtb
1
J0(Λs), f
tb
s1
}
= −fMs
[
Zse
Ts
(
ubˆ · ∇R + ik⊥ · vMs
)
+ikαc
(
∂
∂ψ
lnns +
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)]
φtb
1
J0(Λs)
+
∑
s′
CGKss′
[
Zseφ
tb
1
Ts
J0(Λs)fMs;
Zs′eφ
tb
1
Ts′
J0(Λs′)fMs′
]
. (136)
Here we have used the decompositions (66) and (72), and we have neglected the smallest
terms in the formula (90) for ∇R⊥f tbs1 . The term
{φtb
1
J0(Λs), f
tb
s1
} = c
∑
k′ψ ,k′α
(k′ψkα − k′αkψ)φtb1 (k′ψ, k′α, ψ(R), θ(R), t)J0(Λ′s)
×f tb
s1
(kψ − k′ψ, kα − k′α, ψ(R), θ(R), u, µ, t) (137)
is the nonlinearity due to the turbulent E × B drift. Here Λ′s = (k′⊥msc/Zse)
√
2µ/B
and k′⊥ = k
′
ψ∇Rψ + k′α∇Rα. The operator
CGKss′ [f s; f s′ ] =
〈
C
(`)
ss′
[
f
s
exp
(
ik⊥ · (v × bˆ)
Ωs
)
; f
s′
exp
(
ik⊥ · (v × bˆ)
Ωs′
)]
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× exp(ik⊥ · ρ)
〉
(138)
is the linearized gyrokinetic collision operator. It is discussed in detail in Appendix F.
In equation (136) for ionic species (s 6= e), the gyrokinetic ion-electron and
impurity-electron collision operators, CGKse , are negligible. In equation (136) for the
electrons (s = e), the gyrokinetic electron-ion and electron-impurity collision operators
are constructed as in (138), but with the simplified linearized collision operator (128).
Equation (136) is solved in conjunction with the quasineutrality equation
2pi
∑
s
Zs
∫
dv|| dµ0BJ0(λs)f
tb
s1
(kψ, kα, ψ(r), θ(r), v||, µ0, t)
−
∑
s
Z2s eφ
tb
1
Ts
ns(1− Γ0(bs)) = 0, (139)
where
Γ0(bs) = I0(bs) exp(−bs), (140)
bs =
k2⊥Ts
msΩ2s
, (141)
and In is the n-th order modified Bessel function of the first kind. To find this equation,
we have taken the first order, short wavelength component of the quasineutrality
equation (5), and we have used (96) to write the distribution function in terms of
{r,v}. In addition, we have employed that∫
d3v exp
(
ik⊥ · (v × bˆ)
Ωs
)
g(r, v||, µ0, t) =
∫
d3v J0(λs)g(r, v||, µ0, t) (142)
for any function of phase space g(r, v||, µ0, t) that is independent of ϕ0, and that∫ ∞
0
dx xJ20 (x
√
b) exp
(
−x
2
2
)
= I0(b) exp(−b). (143)
5.3. Long wavelength, second order equations
Taking the second order piece of the long wavelength component of (126), we find the
equation for 〈f lws2 〉 (the gyrophase dependent piece is given by (123)). At the end of
this subsection, we will see that for momentum transport, we only need 〈f lws2 〉 for ionic
species (s 6= e),(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
〈f lws2 〉 −
∑
s′ 6=e
C
(`)
ss′ [〈f lws2 〉; 〈f lws′2〉] = −
∂fMs
∂t
−
(
vMs − c
B
∇Rφ0 × bˆ
)
· ∇Rf lws1 +
[
Zse
ms
bˆ · ∇Rφlw1
+
u
Ωs
(bˆ× κ) ·
(
µ∇RB + Zse
ms
∇Rφ0
)]
∂f lws1
∂u
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−
(
R˙lws2 −
c
B
∇Rφlw1 × bˆ
)
· ∇Rψ
[
∂
∂ψ
ln ps
+
(
ms(u
2 + 2µB)
2Ti
− 5
2
)
∂
∂ψ
lnTi
]
fMs +
[
uu˙lws2
+µR˙lws2 · ∇RB −
Zse
ms
vMs · ∇Rφlw1 −
Zse
ms
ubˆ · ∇Rφlw2
]
msfMs
Ti
−
〈∑
kψ ,kα
c(φtb
1
)∗
B
J0(Λs)i(k⊥ × bˆ) ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
f tb
s1
〉
t
+
〈∑
kψ ,kα
c(f tb
s1
)∗
B
i(k⊥ × bˆ) ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
φtb
1
J0(Λs)
〉
t
+
Zse
ms
〈∑
kψ ,kα
∂(f tb
s1
)∗
∂u
(
bˆ · ∇Rθ ∂
∂θ
+
u
Ωs
ik⊥ · (bˆ× κ)
)
φtb
1
J0(Λs)
〉
t
−
〈∑
kψ ,kα
ik⊥ · (R˙tbs2)∗f tbs1
〉
t
+
∑
s′ 6=e
〈C lwss′,2〉+ Cse[fs, fe] +Qs. (144)
Here R˙lws2 and u˙
lw
s2 are the long wavelength components of R˙s2 and u˙s2, and the underlined
symbols R˙
tb
s2(kψ, kα) are the Fourier coefficients of the turbulent pieces of R˙s2 and u˙s2.
The collisional piece C lwss′,2 is described in Appendix F, and following Appendix D the
ion-electron and impurity-electron collision operators simplify to
Cse[fs, fe] ' nemeνes
nsms
(
Te
Ti
− 1
)(
msv
2
Ti
− 3
)
fMs. (145)
The frequency νes is defined in (107).
The piece φlw2 of the electrostatic potential enters in φ
lw
2 (see (A.2)), but it is
unimportant for the momentum transport because the only effect that φlw2 has on the
distribution function is to add a Maxwell-Boltzmann response (−Zseφlw2 /Ti)fMs, and
this Maxwell-Boltzmann response does not drive momentum flux, as is clear from (104),
where f lws2 enters within a collision operator. For this reason we do not need to calculate
φlw2 and we do not need the second order, long wavelength quasineutrality equation.
The second order piece f lwe2 of the electron distribution function is then not needed for
quasineutrality, and in addition, it does not enter in (104). As a result, we do not have
to calculate it.
5.4. Short wavelength, second order equations
The equation for the gyroaveraged, second order, short wavelength piece of the
distribution function is
∂〈f tb
s2
〉
∂t
+
(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
〈f tb
s2
〉+
(
−ikαc∂φ0
∂ψ
+ ik⊥ · vMs
)
〈f tb
s2
〉
−
∑
s′
CGKss′
[
〈f tb
s2
〉; 〈f tb
s′2
〉
]
+ {φtb
2
, f tb
s1
}+ {φtb
1
J0(Λs), 〈f tbs2〉} =
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−fMs
[
Zse
Ts
(
ubˆ · ∇R + ik⊥ · vMs
)
+ ikαc
(
∂
∂ψ
lnns
+
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)]
φ
tb
2
− R˙tbs2 · ∇Rψ
[
∂
∂ψ
lnns
+
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
]
fMs + (uu˙
tb
s2
+µR˙
tb
s2 · ∇RB)
msfMs
Ts
+
[
c
B
(ik⊥ × bˆ) · ∇Rf lws1
+
Zse
ms
∂f lws1
∂u
(
bˆ · ∇R + u
Ωs
ik⊥ · (bˆ× κ)
)]
φtb
1
J0(Λs)
−fMs
[
Zse
Ts
vMs ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
+
(
∂
∂ψ
lnns
+
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)
c
B
(∇Rψ × bˆ) · ∇Rθ ∂
∂θ
]
φtb
1
J0(Λs)
−
(
− c
B
∇Rφ0 × bˆ + vMs
)
·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
f tb
s1
+
[
Zse
ms
bˆ · ∇Rφlw1 +
u
Ωs
(bˆ× κ) ·
(
µ∇RB + Zse
ms
∇Rφ0
)]
∂f tb
s1
∂u
−ik⊥ ·
(
R˙lws2 −
c
B
∇Rφlw1 × bˆ
)
f tb
s1
+
∑
k′ψ ,k′α
[
c(φtb
1
)′
B
J0(Λ
′
s)i(k
′
⊥ × bˆ) ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
(f tb
s1
)′′
−c(f
tb
s1
)′
B
i(k′⊥ × bˆ) ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
(φtb
1
)′′J0(Λ′′s)
+
Zse
ms
∂(f tb
s1
)′′
∂u
(
bˆ · ∇R + u
Ωs
ik′⊥ · (bˆ× κ)
)
(φtb
1
)′J0(Λ′s)
−ik′⊥ · (R˙
tb
s2)
′′(f tb
s1
)′
]
+
∑
s′
CGKss′
[
f˜
tb
s2
; f˜
tb
s′2
]
+
∑
s′
〈Ctbss′,2〉, (146)
where R˙lws2 is the long wavelength piece of R˙s2, R˙
tb
s2(kψ, kα) and u˙
tb
s2(kψ, kα) are the Fourier
coefficients of the turbulent pieces of R˙s2 and u˙s2, and the collisional contribution C
tb
ss′,2
is described in Appendix F. From here on, a prime on a Fourier component such as φtb
1
indicates that it depends on k′ψ and k
′
α, e.g., (φ
tb
1
)′ = φtb
1
(k′ψ, k
′
α, ψ(R), θ(R), t), and two
primes indicate that it depends on k′′ψ and k
′′
α, e.g., (φ
tb
1
)′′ = φtb
1
(k′′ψ, k
′′
α, ψ(R), θ(R), t),
where
k′′ψ = kψ − k′ψ, (147)
and
k′′α = kα − k′α. (148)
In equation (146) for ionic species (s 6= e), the gyrokinetic ion-electron and
impurity-electron collision operators, CGKse , are negligible. In equation (146) for the
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electrons (s = e), the gyrokinetic electron-ion and electron-impurity collision operators
and the collisional piece Ctbes,2 must be simplified taking into account that
√
me/mi ∼√
me/mz  1 (see Appendix E).
Equation (146) is solved in conjunction with the quasineutrality equation
2pi
∑
s
Zs
∫
dv||dµ0B
[(
〈f tb
s2
〉+ f˜ tb
s2
)
exp
(
ik⊥ · (v × bˆ)
Ωs
)
+ ∆f tb
s2
]
= 0, (149)
where we have used (101) to write fs as a function of {r,v}.
Importantly, the gyrophase dependent piece f˜
tb
s2
and the slow radial derivatives
∂f tb
s1
/∂ψ and ∂φtb
1
/∂ψ enter in both (146) and (149). The gyrophase dependent piece
f˜
tb
s2
is given as a function of f tb
s1
and φtb
1
in (124). The slow radial derivatives ∂f tb
s1
/∂ψ
and ∂φtb
1
/∂ψ can be found by integrating in time the equations obtained from taking
the radial derivative of (136) and (139). These equations are
∂
∂t
(
∂f tb
s1
∂ψ
)
+
(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
∂f tb
s1
∂ψ
+
(
−ikαc∂φ0
∂ψ
+ ik⊥ · vMs
)
∂f tb
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∂ψ
−
∑
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CGKss′
[
∂f tb
s1
∂ψ
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∂ψ
]
+
{
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1
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J0(Λs), f
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s1
}
+
{
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1
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∂ψ
}
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[
Zse
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(
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)
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(
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(
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2 + 2µB)
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2
)
∂
∂ψ
lnTs
)]
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+
∑
s′
CGKss′
[
Zse
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∂φtb
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∂ψ
J0(Λs)fMs;
Zs′e
Ts′
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1
∂ψ
J0(Λs′)fMs′
]
−u ∂
∂ψ
(bˆ · ∇Rθ)
∂f tb
s1
∂θ
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∂
∂ψ
(bˆ · ∇RB)
∂f tb
s1
∂u
−f tb
s1
∂
∂ψ
(
−ikαc∂φ0
∂ψ
+ ik⊥ · vMs
)
+
∑
s′
∂CGKss′
∂ψ
[
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s1
; f tb
s′1
]
−
{
φtb
1
∂
∂ψ
(J0(Λs)), f
tb
s1
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− ZsefMs
Ts
ubˆ · ∇Rθ ∂
∂θ
[
φtb
1
∂
∂ψ
(J0(Λs))
]
− ∂
∂ψ
(
ZsefMs
Ts
ubˆ · ∇Rθ
)
∂
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(φtb
1
J0(Λs))
−φtb
1
∂
∂ψ
[(
Zse
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ik⊥ · vMsJ0(Λs) + ikαcJ0(Λs)
(
∂
∂ψ
lnns
+
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
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fMs
]
+
∑
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∂CGKss′
∂ψ
[
Zseφ
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1
Ts
J0(Λs)fMs;
Zs′eφ
tb
1
Ts′
J0(Λs′)fMs′
]
+
∑
s′
CGKss′
[
φtb
1
∂
∂ψ
(
Zse
Ts
J0(Λs)fMs
)
;φtb
1
∂
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(
Zs′e
Ts′
J0(Λs′)fMs′
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(150)
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and
2pi
∑
s
Zs
∫
dv|| dµ0BJ0(λs)
∂f tb
s1
∂ψ
−
∑
s
Z2s e
Ts
ns(1− Γ0(bs))
∂φtb
1
∂ψ
= −2pi
∑
s
Zs
∫
dv|| dµ0 f
tb
s1
∂
∂ψ
(BJ0(λs))
+φtb
1
∑
s
∂
∂ψ
(
Z2s e
Ts
ns(1− Γ0(bs))
)
. (151)
The symbol ∂CGKss′ /∂ψ indicates that the operator C
GK
ss′ has coefficients that depend on
ψ, and those need to be differentiated. Equations (150) and (151) can be integrated in
time at the same time as (136) and (139).
6. Symmetry of the first order equations
In section 4, we have seen that the radial momentum flux has a piece, Π−1 in (103),
that is formally of lower order in the expansion in ρ∗. This piece vanishes in up-down
symmetric tokamaks. The reason is a symmetry of equations (127), (130), (136) and
(139) [44, 45]. In an up-down symmetric tokamak, under the transformation
kψ → −kψ, θ → −θ, u→ −u, (152)
we find that [44]
bˆ · ∇Rθ → bˆ · ∇Rθ, B → B, k⊥ · vMs → k⊥ · vMs, k⊥ → k⊥, (153)
and that
vMs · ∇ψ → −vMs · ∇ψ, k⊥ · ∇ψ → −k⊥ · ∇ψ. (154)
Then, the long wavelength pieces of the distribution functions and the potential,
determined by (127) and (130), satisfy the symmetries
f lws1 (ψ(R), θ(R), u, µ, t) = −f lws1 (ψ(R),−θ(R),−u, µ, t) (155)
and
φlw1 (ψ(r), θ(r), t) = −φlw1 (ψ(r),−θ(r), t). (156)
To see the effect of this symmetry on Π−1, we rewrite the second term in (103). Using
Rζˆ =
I
B
bˆ− 1
B
bˆ×∇ψ (157)
that can be deduced from (3), and taking into account that ∆f lws1 in (97) is even in v||,
we find that the second term in (103) is
−
〈 ∑
s 6=e,s′ 6=e
m2sI
2c
2ZseB2
∫
d3v C
(`)
ss′ [f
lw
s1 ; f
lw
s′1]v
2
||
〉
ψ
−
〈 ∑
s 6=e,s′ 6=e
m2sc
2ZseB2
∫
d3v C
(`)
ss′ [∆f
lw
s1 ; ∆f
lw
s′1][(v × bˆ) · ∇ψ]2
〉
ψ
= 0. (158)
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The first term in this equation vanishes because of the symmetry in (155), and the
second term vanishes because it is proportional to the average over the gyrophase ϕ0 of
v⊥v⊥v⊥.
To prove that the first term of Π−1 in (103) also vanishes for up-down symmetric
tokamaks, we rewrite it using that∫
d3v v⊥ exp
(
ik⊥ · (v × bˆ)
Ωs
)
g(r, v||, µ0, t) =
ibˆ× k⊥
∫
d3v
v2⊥
2Ωs
2J1(λs)
λs
g(r, v||, µ0, t) (159)
for any function g(r, v||, µ0, t) independent of gyrophase ϕ0, and that
√
b
∫ ∞
0
dx x2J0(x
√
b)J1(x
√
b) exp
(
−x
2
2
)
= b(I0(b)− I1(b)) exp(−b). (160)
With these results and (157), the first term in (103) becomes
−
〈〈∑
s 6=e
∑
kψ ,kα
msIc
B
ikα(φ
tb
1
)∗
∫
d3v f tb
s1
J0(λs)v||
〉
ψ
〉
t
−
〈〈∑
s 6=e
∑
kψ ,kα
msc
B
kα(k⊥ · ∇ψ)(φtb1 )∗
∫
d3v f tb
s1
v2⊥
2Ωs
2J1(λs)
λs
〉
ψ
〉
t
−
〈〈∑
s 6=e
∑
kψ ,kα
nsmsc
2
B2
kα(k⊥ · ∇ψ)|φtb1 |2(Γ0(bs)− Γ1(bs))
〉
ψ
〉
t
, (161)
where
Γ1(bs) = I1(bs) exp(−bs). (162)
The result in (161) vanishes due to the symmetry in (152), (153) and (154). The reason
is that in an up-down symmetric tokamak, for every solution to equations (136) and
(139),
f tb
s1
(kψ, kα, ψ(R), θ(R), u, µ, t), φ
tb
1
(kψ, kα, ψ(r), θ(r), t), (163)
we can form another solution by using the symmetry in (152), (153) and (154), i.e.,
− f tb
s1
(−kψ, kα, ψ(R),−θ(R),−u, µ, t), −φtb1 (−kψ, kα, ψ(r),−θ(r), t) (164)
is also a solution to equations (136) and (139). These two solutions have opposite
momentum flux, that is, the quantity in (161) evaluated using the solution (164) is
equal in magnitude but opposite in sign to the quantity in (161) evaluated using the
solution (163). These solutions differ only because they correspond to two different
initial conditions. After time averaging, the flux cannot depend on the initial condition,
so it must be that the momentum flux is equal to its negative, that is, it vanishes (see
[44] for numerical evidence).
Therefore, in up-down symmetric tokamaks, we need to keep higher order terms, as
explained in the introduction. For extreme up-down asymmetry, Π−1 is the dominant
contribution to the momentum flux [25, 26, 27].
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7. Expansion in Bp/B  1
The equations for the second order pieces of the distribution function and the
electrostatic potential given in subsections 5.3 and 5.4 are not only difficult to implement,
but the different physical effects in them are not apparent. To simplify these equations
we assume that the poloidal component of the magnetic field is much smaller than the
magnetic field itself, Bp/B  1. In previous work [32, 33], the expansion Bp/B  1
was performed assuming that the turbulence characteristics did not depend strongly on
Bp/B  1. In this section we relax this assumption by allowing the turbulent eddy
characteristic length to vary between the ion gyroradius and the ion poloidal gyroradius.
Importantly, for turbulence with characteristic lengths much smaller than an ion poloidal
gyroradius, the lowest order gyrokinetic equations satisfy a new nonlinear symmetry
different from the one in [44, 45]. This symmetry is discussed in paragraph 7.2.2.
In this section, we assume that Bp/B = r/qR  1 and r/R ∼ 1. This choice may
seem to imply that we always take the safety factor q much larger than unity, but this
is not the case. Using this ordering, it is possible to take a subsidiary expansion in
r/R  1 in which Bp/B  1 and q ∼ 1. This subsidiary expansion is appropriate for
the plasma around the magnetic axis.
In this section we study the implications that Bp/B  1 has for the first order
equations. The scaling of the long wavelength components with Bp/B  1 is described
in subsection 7.1, and the scaling of the turbulent pieces is given in subsection 7.2. We
use the results of these two subsections to simplify the second order equations in section
8.
7.1. First order, long wavelength pieces
The size of the long wavelength first order pieces f lws1 and φ
lw
1 scales linearly with B/Bp.
To see this, note that the first term on the right side of (127) determines the size of f lws1 ,
and it is of order (ρs/a)(vts/a)fMs. This term is balanced by the first term on the left
side of (127), of order (Bp/B)(vts/a)f
lw
s1 . By making these two terms comparable, we
find
f lws1
fMs
∼ B
Bp
ρ∗  ρ∗ (165)
for s 6= e. For electrons, the piece of f lwe1 even in u is of order
f lwe1 (u) + f
lw
e1 (−u)
fMe
∼ B
Bp
ρ∗  ρ∗, (166)
as we will see shortly, whereas the odd piece is
f lwe1 (u)− f lwe1 (−u)
fMe
∼ B
Bp
ρe
a
 ρe
a
. (167)
The size of φlw1 is obtained from quasineutrality equation (130),
eφlw1
Te
∼ f
lw
s1
fMs
∼ B
Bp
ρ∗  ρ∗. (168)
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Since the piece of f lwe1 even in u is just the adiabatic response (see (134)), this result
leads to (166). For Bp/B  1, the long wavelength first order pieces of the distribution
function and the potential are large by B/Bp  1 because their size is related to the
width of the drift orbits, of order (B/Bp)ρs  ρs.
7.2. First order, turbulent pieces
To study the scaling of turbulence with Bp/B  1, we distinguish between two turbulent
regimes with different perpendicular length scales. Before doing so, we give some
basic balances that determine the other turbulent characteristics once the perpendicular
length scale of the turbulence is known.
We need to determine the scaling of f tbs1 , φ
tb
1 , kψ, kα and l|| with Bp/B at the outer
scale of the turbulence, i.e., at the scale where most of the free energy is contained. Here
l|| is a measure of the characteristic parallel eddy size and BpR/kαB and (kψRBp)−1 are
the eddy characteristic lengths in the perpendicular directions α and ψ. We use four
simple assumptions to relate all these quantities to k⊥ ∼ kαB/RBp. These assumptions
are
(i) balance between different terms in the quasineutrality equation (139), giving
f tbs1
fMs
∼ f
tb
e1 (u) + f
tb
e1 (−u)
fMe
∼ eφ
tb
1
Te
; (169)
(ii) balance between the nonlinear term and the drive term proportional to the density
and temperature gradients in (136),
ckψkαφ
tb
1
f tbs1
fMs
∼ ckψkαφtb1
f tbe1 (u) + f
tb
e1 (−u)
fMe
∼ ckα
aRBp
φtb1 , (170)
where we have assumed ∇ lnns ∼ ∇ lnTs ∼ a−1;
(iii) critical balance between the parallel streaming and the nonlinear terms in (136),
vts
l||
f tbs1
fMs
∼ vte
l||
f tbe1 (u)− f tbe1 (−u)
fMe
∼ ckψkαφtb1
f tbs1
fMs
∼ ckψkαφtb1
f tbe1 (u) + f
tb
e1 (−u)
fMe
; (171)
(iv) and isotropy in the perpendicular direction,
kψRBp ∼ kαB
RBp
∼ k⊥. (172)
Note that we have distinguished between ionic species, s 6= e, and electrons, and that we
have considered the symmetry in u of the different terms in (136) and (139) to obtain
equations for the pieces of f tbe1 odd and even in u. These assumptions were numerically
checked and used to successfully predict the scaling of turbulent characteristics with the
safety factor q and the temperature gradient in [47].
From (169), (170) and (172), we find that
eφtb1
Te
∼ f
tb
s1
fMs
∼ f
tb
e1 (u) + f
tb
e1 (−u)
fMe
∼ 1
k⊥a
. (173)
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From (169), (170), (171) and (172), we obtain
l||
a
∼ 1
k⊥ρi
 ρ∗ (174)
and
f tbe1 (u)− f tbe1 (−u)
fMe
∼
√
me
mi
1
k⊥a
. (175)
We only have to determine k⊥ to have the scaling of all the interesting turbulent
quantities with Bp/B. We consider two different cases: when the perpendicular length
scale of the turbulence is of the order of the poloidal gyroradius, described in paragraph
7.2.1, and when the turbulent characteristic length scale is the gyroradius, discussed in
7.2.2.
7.2.1. Poloidal gyroradius scale turbulence. In [47] it was shown that for certain
turbulent regimes, the parallel extent of the eddies is determined by the finite size
of the tokamak, i.e.
l|| ∼ B
Bp
a. (176)
As a result, equation (174) gives
k⊥ ∼ Bp
B
1
ρi
, (177)
and equations (173) and (175) give
eφtb1
Te
∼ B
Bp
ρ∗, (178)
f tbs1
fMs
∼ B
Bp
ρ∗, (179)
f tbe1 (u) + f
tb
e1 (−u)
fMe
∼ B
Bp
ρ∗ (180)
and
f tbe1 (u)− f tbe1 (−u)
fMe
∼ B
Bp
ρe
a
. (181)
Note that due to critical balance (171) and the finite size of the tokamak in the parallel
direction, we have obtained that the turbulent eddies can reach perpendicular scales of
the order of the poloidal gyroradius (B/Bp)ρi, and as a consequence, the fluctuating
pieces of the distribution function and the electrostatic potential are large by a factor
of order B/Bp  1. Bigger eddies cause bigger perturbations.
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7.2.2. Gyroradius scale turbulence. The turbulent regime studied in [47] is observed
when the instability driving the turbulence extends to very long wavelengths [55]. There
are circumstances in which the instability does not exist for k⊥ smaller than some cut
off value [55]. In cases like this, assumption (177) is not correct and the scalings change.
We expect k⊥ to satisfy
Bp
B
 k⊥ρi . 1. (182)
We will obtain equations valid for this range of k⊥. We call this type of turbulence
gyroradius scale turbulence because we keep finite gyroradius effects in the equations to
be able to describe turbulence with k⊥ρi ∼ 1.
The size of the turbulent pieces of the distribution function and the electrostatic
potential are given in equations (173) and (175). Importantly, equations (174) and (182)
lead to
Bp
B
. Bp
B
l||
a
∼ Bp
B
1
k⊥ρi
 1. (183)
Thus, the turbulence has a very small characteristic parallel length scale compared to
the connection length (B/Bp)a. This estimate for l|| implies
∂
∂θ
lnφtb
1
∼ ∂
∂θ
ln f tb
s1
∼ B
Bp
a
l||
∼ B
Bp
k⊥ρi  1. (184)
The effect of this fast variation in θ on the turbulent momentum flux is affected by two
factors. On the one hand, the fast variation in θ is due to the small parallel length scales
of the turbulence, and as a result, it affects the parallel component of the gradient and
not the poloidal component, as we show in (194) below. On the other hand, the fast
variation in θ introduces a new symmetry that the lowest order gyrokinetic equations
satisfy.
When l||  (B/Bp)a, the dependence of f tbs1 and φtb1 on the position along the
magnetic field line has two different characteristic lengths: one due to the turbulence,
and the other due to the tokamak size. We choose∫ θ
dθ′
I(ψ)J (ψ, θ′)
[R(ψ, θ′)]2
= ζ − α (185)
instead of θ to describe the fast variation in the parallel direction for reasons that will
become clear shortly. Using this new variable to describe the fast variation along the
magnetic field line, the functions φtb
1
and f tb
s1
can be written as
φtb
1
(kψ, kα, ψ(r), θ(r), t) =
∑
kζ
φˇ
tb
1
(kψ, kˇα, kζ , ψ(r), θ(r), t) exp(ikζ(ζ(r)− α(r))) (186)
and
f tb
s1
(kψ, kα, ψ(R), θ(R), u, µ, t) =
∑
kζ
fˇ
tb
s1
(kψ, kˇα, kζ , ψ(R), θ(R), u, µ, t)
× exp(ikζ(ζ(R)− α(R))). (187)
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The functions φˇ
tb
1
(kψ, kˇα, kζ , ψ(r), θ(r), t) and fˇ
tb
s1
(kψ, kˇα, kζ , ψ(R), θ(R), u, µ, t) contain
the slow dependence on θ due to the different characteristics of the turbulence at different
poloidal locations, i.e.,
∂
∂θ
ln φˇ
tb
1
∼ ∂
∂θ
ln fˇ
tb
s1
∼ 1, (188)
whereas the wavenumber
kζ ∼ R
l||
(189)
represents the large parallel gradients of the turbulence. Note that we are considering the
functions φˇ
tb
1
(kψ, kˇα, kζ , ψ(r), θ(r), t) and fˇ
tb
s1
(kψ, kˇα, kζ , ψ(R), θ(R), u, µ, t) as dependent
on
kˇα = kα − kζ (190)
instead of kα because the new symmetry of the equations will be clearer in kˇα.
Substituting (186) and (187) into equations (42) and (83), we find
φtb1 =
∑
kψ ,kˇα,kζ
φˇ
tb
1
(kψ, kˇα, kζ , ψ(r), θ(r), t) exp(ikψψ(r) + ikˇαα(r) + ikζζ(r)) (191)
and
f tbs1 =
∑
kψ ,kˇα,kζ
fˇ
tb
s1
(kψ, kˇα, kζ , ψ(R), θ(R), u, µ, t)
× exp(ikψψ(R) + ikˇαα(R) + ikζζ(R)) (192)
The Fourier decompositions (191) and (192) are not meant to be implemented in a code;
they are just a way to analyze turbulence with short characteristic parallel lengths. The
form (186) for φtb
1
that in turn leads to the decomposition (191) is chosen such that the
gradients of φtb1 satisfy
bˆ · ∇φtb1 =
∑
kψ ,kˇα,kζ
(
ikζI
R2B
φˇ
tb
1
+ bˆ · ∇θ∂φˇ
tb
1
∂θ
)
exp(ikψψ + ikˇαα + ikζζ) =
∑
kψ ,kˇα,kζ
ikζI
R2B
φˇ
tb
1
exp(ikψψ + ikˇαα + ikζζ) +O
(
Bp
Ba
φtb1
)
∼ φ
tb
1
l||
(193)
and
∇⊥φtb1 =
∑
kψ ,kˇα,kζ
(
ikˇ⊥φˇ
tb
1
+∇ψ∂φˇ
tb
1
∂ψ
+∇⊥θ
∂φˇ
tb
1
∂θ
− ikζ φˇ
tb
1
R2B
bˆ×∇ψ
)
× exp(ikψψ + ikˇαα + ikζζ) =
∑
kψ ,kˇα,kζ
(
ikˇ⊥φˇ
tb
1
+∇ψ∂φˇ
tb
1
∂ψ
+∇⊥θ
∂φˇ
tb
1
∂θ
)
exp(ikψψ + ikˇαα + ikζζ) +O
(
Bp
Bl||
φtb1
)
∼ k⊥φtb1 , (194)
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where
kˇ⊥ = kψ∇ψ + kˇα∇α ' k⊥. (195)
The form (187) for f tb
s1
gives similar expressions for the gradients of f tbs1 . As mentioned
in (185), we chose ζ−α to describe the short parallel wavelength of the turbulence. The
reason is clear in (194) where the term containing kζ is smaller than the terms containing
the slow derivatives ∂/∂ψ and ∂/∂θ by a factor of (Bp/B)(a/l||) 1 because ∇ζ is very
close to being parallel to bˆ when Bp/B  1. Equations (193) and (194) show that the
correction to∇⊥ due to ∂/∂θ is of order a−1 even when bˆ·∇ is of order l−1||  (Bp/B)a−1.
The new fast dependence on θ introduced in (186) and (187) is due to short parallel
length scales. For this reason, it should not affect the poloidal gradient as much as
it does the parallel gradient. In equation (194), the large poloidal component of the
gradient due to kζ has been absorbed into the lowest order perpendicular component of
the gradient by defining the new wavevector kˇ⊥ in (195).
The Fourier decompositions (191) and (192) not only give the right order of the
correction to ∇⊥ due to ikζ and ∂/∂θ, but they show that there is a new symmetry in
the system in addition to the symmetry described in section 6. Using (193), the parallel
streaming term becomes
ubˆ · ∇Rf tbs1 − µbˆ · ∇RB
∂f tbs1
∂u
'
∑
kψ ,kˇα,kζ
ikζIu
R2B
fˇ
tb
s1
exp(ikψψ + ikˇαα + ikζζ), (196)
and equation (136) for ionic species (s 6= e) simplifies to
∂fˇ
tb
s1
∂t
+
ikζIu
R2B
fˇ
tb
s1
+
(
−ikˇαc∂φ0
∂ψ
+ ikˇ⊥ · vMs
)
fˇ
tb
s1
−
∑
s′ 6=e
CGKss′
[
fˇ
tb
s1
; fˇ
tb
s′1
]
+{φˇtb
1
J0(Λˇs), fˇ
tb
s1
} = −fMs
[
Zse
Ts
(
ikζIu
R2B
+ ikˇ⊥ · vMs
)
+ikˇαc
(
∂
∂ψ
lnns +
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)]
φˇ
tb
1
J0(Λˇs)
+
∑
s′ 6=e
CGKss′
Zseφˇtb1
Ts
J0(Λˇs)fMs;
Zs′eφˇ
tb
1
Ts′
J0(Λˇs′)fMs′
 . (197)
Here Λˇs and the collision operator C
GK
ss′ are as defined in (69) and (138), but with kα
replaced by kˇα. The nonlinear term {φˇtb1 J0(Λˇs), fˇ
tb
s1
} is slightly different from the one in
(137) because it has to be rewritten in terms of kˇα and kζ ,
{φˇtb
1
J0(Λˇs), fˇ
tb
s1
} = c
∑
k′ψ ,kˇ′α,kζ
(k′ψkˇα − kˇ′αkψ)φˇ
tb
1
(k′ψ, kˇ
′
α, k
′
ζ , ψ(R), θ(R), t)J0(Λˇ
′
s)
×fˇ tb
s1
(kψ − k′ψ, kˇα − kˇ′α, kζ − k′ζ , ψ(R), θ(R), u, µ, t). (198)
Electrons need to be treated independently in this limit of short parallel lengths. We
need to order Bp/B with respect to
√
me/mi. We assume
k⊥ρi
√
me
mi
B
Bp
 1 (199)
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because
√
me/mi(B/Bp) is usually around 0.1. Assumption (199) implies that the
characteristic time scale of an electron orbit, (B/Bp)(a/vte), is much shorter than the
turbulent time scale, (k⊥ρi)−1(a/vti) (we estimate this time from the nonlinear term
using (173)). By expanding the Fokker Planck equation (136) for electrons (s = e) in√
me/mi  1, and using the lowest order expression (196) for the parallel streaming
term, one can show that for kζ 6= 0,
fˇ
tb
e1
=
eφˇ
tb
1
Te
fMe. (200)
For kζ = 0, we use the next order correction to the parallel gradient in (193) and
assumption (199) to find that
fˇ
tb
e1
(kζ = 0) = hˇ
tb
e1 +
eφˇ
tb
1
(kζ = 0)
Te
fMe, (201)
where hˇ
tb
e1(kψ, kˇα, ψ(R), ε, µ, σ, t) is independent of kζ , and it is constant along the
lowest order particle trajectories that are the characteristics of the operator ubˆ · ∇R −
µbˆ · ∇RB(∂/∂u), i.e., hˇtbe1(kψ, kˇα, ψ(R), ε, µ, σ, t) is independent of θ when written as a
function of ψ, the kinetic energy
ε =
u2
2
+ µB(R), (202)
the magnetic moment µ and the sign of the parallel velocity σ = u/|u|. Finally,
the function hˇ
tb
e1 can be determined by going to next order in k⊥ρi
√
me/mi(B/Bp)
in equation (136) and orbit averaging the equation. For a function h of phase space, the
orbit average is
〈h〉τ =
(∮
dθ
σ
√
2(ε− µB(ψ, θ))bˆ · ∇Rθ
)−1 ∮
h(ψ, θ, α, ε, µ, σ)
σ
√
2(ε− µB(ψ, θ))bˆ · ∇Rθ
dθ. (203)
Note that h has been written as a function of ψ, θ, α, ε, µ and σ before integrating over
θ. The same has been done with u = σ
√
2(ε− µB(ψ, θ)). The integral over θ is between
0 and 2pi for passing particles, and between the two bounce points and summing over
the two directions of velocity (σ = +1 and σ = −1) for trapped particles. After orbit
averaging, equation (136) for electrons (s = e) becomes(
∂
∂t
− ikˇαc∂φ0
∂ψ
)hˇtbe1 + e〈φˇtb1 (kζ = 0)〉τTe fMe
+ i〈kˇ⊥ · vMs〉τ hˇtbe1
−
〈
C(`)ee
[
hˇ
tb
e1
]〉
τ
−
∑
s′ 6=e
〈
C
(`)
es′
[
hˇ
tb
e1; [fˇs′ ]
tb
1
(kζ = 0)
]〉
τ
+{〈φˇtb
1
(kζ = 0)〉τ , hˇtbe1} = −fMe ikˇαc
[
∂
∂ψ
lnne
+
(
me(u
2 + 2µB)
2Te
− 3
2
)
∂
∂ψ
lnTe
]
〈φˇtb
1
(kζ = 0)〉τ , (204)
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where there is no sum over kζ in the nonlinear term,
{〈φˇtb
1
(kζ = 0)〉τ , hˇtbe1} = c
∑
k′ψ ,kˇ′α
(k′ψkˇα − kˇ′αkψ)〈φˇ
tb
1
(k′ψ, kˇ
′
α, kζ = 0, ψ(R), θ(R), t)〉τ
×hˇtbe1(kψ − k′ψ, kˇα − kˇ′α, ψ(R), ε, µ, σ, t), (205)
and [fˇs′ ]
tb
1
is defined analogously to [fs′ ]
tb
1
in (96),
[fˇs′ ]
tb
1
=
(
fˇ
tb
s′1
+
Zs′eφˇ
tb
1
Ti
J0(λˇs′)fMs′
)
exp
(
ikˇ⊥ · (v × bˆ)
Ωs′
)
− Zs′eφˇ
tb
1
Ti
fMs′ . (206)
Here λˇs is as defined in (99), but with kα replaced by kˇα. Equations (197) and (204)
have to be solved along with the quasineutrality equation
2pi
∑
s
Zs
∫
dv|| dµ0BJ0(λˇs)fˇ
tb
s1
−
∑
s
Z2s eφˇ
tb
1
Ts
ns(1− Γ0(bˇs)) = 0, (207)
that can be derived from (139). Here bˇs is as defined in (141), but with kα replaced by
kˇα.
One of the consequences of the new equations (197) and (204), which have to be
solved along with the quasineutrality equation in (207), is that the symmetry described
in section 6 is not unique. It can be split into two new symmetries, namely, if we
have solutions fˇ
tb
s1
(kψ, kˇα, kζ , ψ(R), θ(R), u, µ, t) and φˇ
tb
1
(kψ, kˇα, kζ , ψ(r), θ(r), t) to (197),
(204) and (207), the transformation
kζ → −kζ , u→ −u (208)
applied to (197), (204) and (207) gives that
fˇ
tb
s1
(kψ, kˇα,−kζ , ψ(R), θ(R),−u, µ, t), φˇtb1 (kψ, kˇα,−kζ , ψ(r), θ(r), t) (209)
are also solutions, and the transformation
kψ → −kψ, θ → −θ (210)
applied to the same equations gives that
− fˇ tb
s1
(−kψ, kˇα, kζ , ψ(R),−θ(R), u, µ, t), −φˇtb1 (−kψ, kˇα, kζ , ψ(r),−θ(r), t) (211)
are solutions as well. The difference between the symmetry in (208) and (209), and the
symmetry in (163) and (164) is that we do not need to reverse the parameter θ that
describes the slow dependence of the turbulence on the position within the flux surface.
As a result, the symmetry in (208) and (209) does not depend on the flux surface being
up-down symmetric. In the symmetry in (210) and (211), we do not need to reverse u.
These new symmetries are only valid to lowest order in Bp/B  1, but they will affect
our estimates for different intrinsic rotation generation mechanisms.
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8. Final second order equations and momentum flux
In this section, we simplify the equations presented in subsections 5.3 and 5.4 and the
momentum flux given in section 4 using the ordering assumptions described in section
7. The equations given in this section are different from the ones in [32, 33] because we
have included sources of particles and energy, we have considered several ion species,
and the assumptions for the turbulence are different (i.e., we allow eddies of the order of
the ion poloidal gyroradius, whereas in [32, 33] the turbulent eddies where assumed to
be of the order of the ion gyroradius). The size estimates for the different terms are also
different from the ones in [32, 33]. The new symmetry in (208) and (209) is partially
responsible for these different estimates.
From the orderings given in subsection 7.2, the eddy turnover time (the size of the
time derivative of the turbulent pieces) is
∂
∂t
lnφtb ∼ k⊥ρivti
a
, (212)
and we will see in subsection 8.1 that the transport time becomes
∂
∂t
lnφlw ∼ 1
τE
∼ 1
k⊥ρi
ρ2∗
vti
a
(213)
if turbulence dominates, and
∂
∂t
lnφlw ∼ 1
τE
∼ B
2
B2p
ρ2∗νii (214)
if neoclassical transport dominates. Turbulent transport dominates for aνii/vti .
(k⊥ρi)−1(Bp/B)2. Due to (212), (213) and (214), we need to adjust slightly our
assumptions about sources, (31), collisionality, (27), and
√
me/mi, (30). We assume
Qs ∼ 1
k⊥ρi
ρ2∗
vti
a
fMs, (215)
where we have imposed that the sources must give a characteristic time comparable to
the turbulent time scale (213),
B
Bp
ρ2∗ 
νiia
vti
∼ νzia
vtz
∼ νeea
vte
∼ νeia
vte
.
B2p
B2
1
k⊥ρi
, (216)
where we have imposed aνii/vti . (k⊥ρi)−1(Bp/B)2 to make turbulent transport
dominate over neoclassical transport, and√
me
mi
∼
√
me
mz
∼ 1
k⊥ρi
vti
aνii
ρ2∗ 
Bp
B
1
k⊥ρi
. (217)
Note that the upper bound of (217) and the lower bound of (216) have been chosen to
be consistent with each other and to imply that the electron characteristic orbit time,
(B/Bp)(a/vte), is much shorter than the eddy turnover time (see (199)).
To simplify the equations in subsections 5.3 and 5.4, we use that according to (165)
- (168), (173) and (175), φlw1 and f
lw
s1 scale as B/Bp, becoming large for Bp/B  1, and
φtb
1
and f tb
s1
scale as (k⊥ρi)−1, becoming large for k⊥ρi  1, and comparable to φlw1 and
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f lws1 for poloidal gyroradius scale turbulence, k⊥ρi ∼ Bp/B. Conversely the corrections
u1, µ1, ϕ1, R2, u2 and µ2 to the gyrokinetic variables, and the corrections R˙s2 and u˙s2 to
the drifts and the acceleration do not scale at all with Bp or k⊥. The reason why these
pieces do not scale with Bp is that the gyrokinetic expansion relies on the magnitude
of the magnetic field being sufficiently large to make the gyroradius small compared to
the characteristic length of the plasma, and as a result, the expansion is unaffected if
the size of one of the components of the magnetic field is small. The size of k⊥ does
not matter as long as the size of the gradients of the potential are bounded as in (51).
Thus, for Bp/B → 0 or k⊥ρi → 0, the size of the corrections u1, µ1, ϕ1, R2, u2, µ2, R˙s2
and u˙s2 does not change.
The pieces φlw1 and f
lw
s1 are the largest contributions unless k⊥ρi ∼ Bp/B, in which
case φtb
1
and f tb
s1
are comparable. As a result, in general, terms that are quadratic in φtb
1
and f tb
s1
are only important when k⊥ρi  1, and we can neglect the finite gyroradius
effects in them. In addition, the upper bound of (216) implies that collisions are small
for k⊥ρi  Bp/B, and consequently, when collisional terms are important, the finite
gyroradius effects can be neglected, that is, in every collisional term we will neglect
finite gyroradius corrections.
When k⊥ρi  Bp/B, the turbulent pieces f tbs1 and φtb1 have characteristic parallel
scale lengths small compared to the connection length, and we can use the forms (186)
and (187) for the Fourier coefficients f tb
s1
and φtb
1
. Then, the parallel and perpendicular
gradients of f tbs1 and φ
tb
1 are as given in (193) and (194), and the Fourier coefficients fˇ
tb
s1
and φˇ
tb
1
satisfy the symmetry in (208) and (209). We will only use these properties of
turbulence with k⊥ρi  Bp/B to estimate the size of different terms.
We give the equations for the long wavelength, second order pieces in subsection 8.1,
the equations for the turbulent, second order pieces in subsection 8.2, and the formulas
for the momentum flux in subsection 8.3. To compare to derivations of gyrokinetic
equations for sonic flows, it is convenient to have these equations in a frame rotating
with speed Ωζ,E = −c(∂φ0/∂ψ). We give these equations in Appendix H.
8.1. Long wavelength, second order equations
Applying the orderings discussed above to (144), we can neglect several terms. In
particular, the terms proportional to R˙s2 and u˙s2 are small in Bp/B  1. The function
φ
lw
2 , defined in (A.2), becomes
φ
lw
2 ' φlw2 , (218)
and C lwss′,2, defined in (F.8), simplifies to
C lwss′,2 ' Css′
[
f lws1 , f
lw
s′1
]
+
〈∑
kψ ,kα
Css′
[
(f tb
s1
)∗, f tb
s′1
]〉
t
. (219)
To obtain this last expression, we have neglected the finite gyroradius corrections in
the second term (see the discussion at the beginning of this section), and ∆f lws2 ∼
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(B/Bp)ρ∗fMs, defined in (B.6), in the first term. With these approximations, we obtain(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
〈f lws2 〉 −
∑
s′ 6=e
C
(`)
ss′ [〈f lws2 〉; 〈f lws′2〉] = −
∂fMs
∂t
−ZsefMs
Ti
ubˆ · ∇Rφlw2 + F lws2,nc + F lws2,tb + F lws2,∆T + F lws2,Q (220)
for ionic species (s 6= e). We have divided the right side of (220) into different pieces
with different physical origins,
F lws2,nc =
(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
∆hlws2,nc
+bˆ · ∇Rθ ∂
∂ψ
[
1
bˆ · ∇Rθ
Iu
Ωs
∑
s′ 6=e
C
(`)
ss′ [f
lw
s1 ; f
lw
s′1]
]
− ∂
∂u
[(
cI
B
∂φ0
∂ψ
+
Iµ
Ωs
∂B
∂ψ
+
Zseφ
lw
1
msu
)∑
s′ 6=e
C
(`)
ss′ [f
lw
s1 ; f
lw
s′1]
]
+
∑
s′ 6=e
Css′
[
f lws1 , f
lw
s′1
]
, (221)
where ∆hlws2,nc is defined in (G.6) (see discussion around (225) below),
F lws2,tb = −
〈∑
kψ ,kα
c(φtb
1
)∗J0(Λs)
B
i(k⊥ × bˆ) ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
f tb
s1
〉
t
+
〈∑
kψ ,kα
c(f tb
s1
)∗
B
i(k⊥ × bˆ) ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
φtb
1
J0(Λs)
〉
t
+
Zse
ms
〈∑
kψ ,kα
∂(f tb
s1
)∗
∂u
(
bˆ · ∇Rθ ∂
∂θ
+
u
Ωs
ik⊥ · (bˆ× κ)
)
φtb
1
J0(Λs)
〉
t
+
∑
s′ 6=e
〈 ∑
kψ ,kα
Css′
[
f tb
s1
, (f tb
s′1
)∗
]〉
t
, (222)
F lws2,∆T =
nemeνes
nsms
(
Te
Ti
− 1
)(
ms(u
2 + 2µB)
Ti
− 3
)
fMs (223)
and
F lws2,Q = Qs. (224)
The subindex nc indicates that the piece is of neoclassical origin, the subindex tb that it
is of turbulent origin, the subindex ∆T that it has to do with the temperature difference
Ti − Te, and Q that it has to do with the sources Qs. This separation of the right side
of equation (220) into different pieces is based on the physical pictures given in section
9.
Two important comments about (220) are appropriate. First, expression (221) for
F lws2,nc is the result of manipulating
F lws2,nc = −
(
vMs − c
B
∇Rφ0 × bˆ
)
· ∇Rf lws1 +
[
Zse
ms
bˆ · ∇Rφlw1
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+
u
Ωs
(bˆ× κ) ·
(
µ∇RB + Zse
ms
∇Rφ0
)]
∂f lws1
∂u
+
c
B
(∇Rφlw1 × bˆ) · ∇Rψ
[
∂
∂ψ
ln ps
+
(
ms(u
2 + 2µB)
2Ti
− 5
2
)
∂
∂ψ
lnTi
]
fMs
−Zse
Ti
vMs · ∇Rφlw1 fMs +
∑
s′ 6=e
Css′
[
f lws1 , f
lw
s′1
]
(225)
in the limit Bp/B  1, as explained in Appendix G. Second, the first three terms
in F lws2,tb are the only terms quadratic in φ
tb
1
and f tb
s1
for which we need to keep finite
gyroradius corrections. The reason is that even though F lws2,tb is small compared to F
lw
s2,nc
when k⊥ρi  Bp/B (in this case, φtb1 and f tbs1 are smaller than φlw1 and f lws1 ), the piece
of the distribution function f lws2,tb that F
lw
s2,tb gives is large due to the upper bound that
we have imposed on the collision frequency in (216) (see the estimates in table 1 and
the discussion at the end of this subsection).
In equation (220), one of the terms is
∂fMs
∂t
=
[
1
ns
∂ns
∂t
+
(
ms(u
2 + 2µB)
2Ti
− 3
2
)
1
Ti
∂Ti
∂t
]
fMs. (226)
The equation for ∂ns/∂t is obtained by integrating over velocity space and flux surface
averaging equation (220) (see the discussion on solvability conditions in [53]),
∂ns
∂t
=
〈
2pi
∫
du dµB(F lws2,nc + F
lw
s2,tb + F
lw
s2,Q)
〉
ψ
. (227)
The equation for ∂Ti/∂t is found by multiplying (220) byms(u
2+2µB)/3−Ti, integrating
over velocity, flux surface averaging, and summing over ionic species,∑
s 6=e
ns
∂Ti
∂t
=
∑
s 6=e
〈
2pi
∫
du dµB(F lws2,nc + F
lw
s2,tb + F
lw
s2,∆T + F
lw
s2,Q)
×
(
ms(u
2 + 2µB)
3
− Ti
)〉
ψ
. (228)
Note that the time derivatives ∂ns/∂t and ∂Ti/∂t do not depend on 〈f lws2 〉.
Using the orderings for the turbulent fluctuations given in subsection 7.2, the
turbulent terms F lws2,tb, dominant for aνii/vti . (k⊥ρi)−1(Bp/B)2, give
∂ns
∂t
∼ F
lw
s2,tb
fMs
ns ∼ 1
k⊥ρi
ρ2∗ns
vti
a
(229)
and
∂Ti
∂t
∼ F
lw
s2,tb
fMs
Ti ∼ 1
k⊥ρi
ρ2∗Ti
vti
a
. (230)
To obtain
F lws2,tb
fMs
∼ 1
k⊥ρi
ρ2∗
vti
a
(231)
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for k⊥ρi  Bp/B, we need to recall that for short parallel characteristic lengths, φtb1
and f tb
s1
can be written in terms of the new Fourier coefficients φˇ
tb
1
and fˇ
tb
s1
defined in
(186) and (187). Using φˇ
tb
1
and fˇ
tb
s1
instead of φtb
1
and f tb
s1
, the parallel gradient bˆ · ∇
is of order l−1||  (Bp/B)a−1, whereas the correction to the lowest order perpendicular
gradient ikˇ⊥ is of order a−1, that is, its size does not depend on l|| (see (193) and (194)).
For example, according to (173) and (184), terms like the first term on the right side
of (222) seem to be of order (B/Bp)ρ
2
∗fMsvti/a. However, using φˇ
tb
1
and fˇ
tb
s1
, defined
in (186) and (187), most of the large terms can be ignored. They become part of the
lowest order equation, i.e., part of the wavevector kˇ⊥, and can then be ignored because
they do not give momentum flux. The final form of the first term on the right side of
(222) becomes
−
〈 ∑
kψ ,kˇα,kζ
c(φˇ
tb
1
)∗J0(Λs)
B
i(kˇ⊥ × bˆ) ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
fˇ
tb
s1
〉
t
. (232)
This term is of order (k⊥ρi)−1ρ2∗fMsvti/a because of (188).
Using the results for the long wavelength pieces in subsection 7.1, the neoclassical
terms F lws2,nc, dominant when aνii/vti>∼(k⊥ρi)−1(Bp/B)2, lead to
∂ns
∂t
∼ F
lw
s2,nc
fMs
ns ∼ B
2
B2p
ρ2∗nsνii (233)
and
∂Ti
∂t
∼ F
nc
s2,tb
fMs
Ti ∼ B
2
B2p
ρ2∗Tiνii. (234)
The estimates in (229), (230), (233) and (234) inspired the ordering in (213) and (214).
We are going to rewrite (220) in a more convenient form. To do that, we first define
the function
hlws2 = 〈f lws2 〉+
Zseφ
lw
2
Ti
fMs. (235)
This is the only piece that matters for momentum transport because f lws2 enters as the
argument of a linearized collision operator (see (104)), and the Maxwell-Boltzmann
response −(Zseφlw2 /Ti)fMs vanishes under the action of the linearized collision operator.
Once (220) is written in terms of hlws2, we use that the equation is linear to split the
function hlws2 into several pieces of different physical origin,
hlws2 = h
lw
s2,nc + h
lw
s2,tb + h
lw
s2,∆T + h
lw
s2,Q. (236)
The equations for these different pieces of hlws2 are(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
hlws2,β −
∑
s′ 6=e
C
(`)
ss′ [h
lw
s2,β;h
lw
s′2,β] = F
lw
s2,β
−fMs
ns
〈
2pi
∫
du′ dµ′BF lws2,β(u
′, µ′)
〉
ψ
− fMs
(
ms(u
2 + 2µB)
2Ti
− 3
2
)
×
(∑
s′′ 6=e
ns′′
)−1∑
s′ 6=e
〈
2pi
∫
du′ dµ′BF lws′2,β(u
′, µ′)
(
ms′((u
′)2 + 2µ′B)
3Ti
− 1
)〉
ψ
, (237)
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Table 1. Size of the pieces of the long wavelength, second order distribution function
hlws2 for Bp/B . k⊥ρi . 1.
hlws2,β Size
hlws2,nc (B/Bp)
2ρ2∗fMs
hlws2,tb (k⊥ρi)
−1(vti/aνii)ρ2∗fMs
hlws2,∆T
√
me/mi(Te/Ti − 1)fMs
hlws2,Q Qs/νii
where β = nc, tb,∆T,Q. The only difference between the equations for the different
pieces of hlws2 are the right side terms, completely determined by the F
lw
s2,β in (221)-(224).
The sizes of the different pieces of hlws2 are given in table 1. The dominant piece
in hlws2,tb, h
lw
s2,∆T and h
lw
s2,Q is the orbit averaged piece, 〈hs2,β〉τ , where the orbit average
〈. . .〉τ is defined in (203). Applying this average to (237), we find
−
∑
s′ 6=e
〈
C
(`)
ss′ [h
lw
s2,β;h
lw
s′2,β]
〉
τ
=
〈
F lws2,β
〉
τ
− fMs
ns
〈
2pi
∫
du′ dµ′BF lws2,β(u
′, µ′)
〉
ψ
−fMs
(
ms(u
2 + 2µB)
2Ti
− 3
2
)(∑
s′′ 6=e
ns′′
)−1
×
∑
s′ 6=e
〈
2pi
∫
du′ dµ′BF lws′2,β(u
′, µ′)
(
ms′((u
′)2 + 2µ′B)
3Ti
− 1
)〉
ψ
. (238)
Thus, for hlws2,tb, h
lw
s2,∆T and h
lw
s2,Q, the estimate is h
lw
s2,β ∼ F lws2,β/νii, with F lws2,tb ∼
(k⊥ρi)−1ρ2∗fMsvti/a, F
lw
s2,∆T ∼ νii
√
me/mi(Te/Ti − 1)fMs and F lws2,Q ∼ Qs (the size
of F lws2,tb is given in (231)). According to (221), 〈F lws2,nc〉τ ∼ νii(B/Bp)2ρ2∗fMs, giving
〈hlws2,nc〉τ ∼ (B/Bp)2ρ2∗fMs. The poloidally varying piece of hlws2,nc, hlws2,nc− 〈hlws2,nc〉τ , must
be comparable to ∆hlws2,nc, i.e. of order (B/Bp)
2ρ2∗fMs.
8.2. Short wavelength, second order equations
Using the orderings discussed at the beginning of this section, we can simplify equations
(146) and (149). We can neglect the terms proportional to R˙s2 and u˙s2, and the piece
f˜
tb
s2
defined in (125). The function φ
tb
2
, defined in (A.4), is approximately
φ
tb
2
' φtb
2
J0(Λs), (239)
and the collisional piece Ctbss′,2, defined in (F.10), simplifies to
Ctbss′,2 ' Css′
[
f tb
s1
, f lws′1
]
+ Css′
[
f lws1 , f
lw
s′1
]
+
∑
k′ψ ,k′α
Css′
[
(f tb
s1
)′, (f tb
s′1
)′′
]
, (240)
where as explained at the beginning of this section, we neglect the finite gyroradius
effects such as ∆f tb
s2
, defined in (B.7), because this is a collisional term. However, for
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k⊥ρi ∼ 1 the function ∆f tbs2 is not negligible in terms that are not collisional. This
function becomes, to lowest order,
∆f tb
s2
' Zseφ
tb
1
msB
∂f lws1
∂µ0
(
1− J0(λs) exp
(
ik⊥ · (v × bˆ)
Ωs
))
. (241)
Since equations (146) and (149) are linear, we can split the functions 〈f tb
s2
〉 and φtb
s2
into different pieces of different physical origin, namely
〈f tb
s2
〉 = f tb
s2,nc
+ f tb
s2,grad
+ f tb
s2,acc
(242)
and
φtb
2
= φtb
2,nc
+ φtb
2,grad
+ φtb
2,acc
. (243)
The subindex nc indicates that the corrections are due to the effect of neoclassical flows
on turbulent fluctuations, the subindex grad that they are due to the slow radial and
poloidal variation of the turbulence characteristics, and the subindex acc indicates that
the pieces of the distribution function and the potential have to do with the turbulent
acceleration and deceleration of particles. This separation into different pieces is based
on the physical pictures given in section 9. The equations for the different pieces of the
distribution function and the potential are
∂f tb
s2,β
∂t
+
(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
f tb
s2,β
+
(
−ikαc∂φ0
∂ψ
+ ik⊥ · vMs
)
f tb
s2,β
−
∑
s′
C
(`)
ss′
[
f tb
s2,β
; f tb
s′2,β
]
+ {φtb
2,β
J0(Λs), f
tb
s1
}+ {φtb
1
J0(Λs), f
tb
s2,β
}
+fMs
[
Zse
Ts
(
ubˆ · ∇Rθ ∂
∂θ
+ ik⊥ · vMs
)
+ikαc
(
∂
∂ψ
lnns +
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)]
φtb
2,β
J0(Λs)
= F tbs2,β (244)
and
2pi
∑
s
Zs
∫
dv||dµ0Bf
tb
s2,β
J0(λs)−
∑
s
Z2s eφ
tb
2,β
Ts
ns(1− Γ0(bs)) =
−
∑
s
Zs∆n
tb
s2,β, (245)
where β = nc, grad, acc. The right sides of (244) are
F tbs2,nc =
[
c
B
(ik⊥ × bˆ) · ∇Rf lws1 +
Zse
ms
∂f lws1
∂u
(
bˆ · ∇Rθ ∂
∂θ
+
u
Ωs
ik⊥ · (bˆ× κ)
)]
φtb
1
J0(Λs)
+
c
B
[
(∇Rφ0 × bˆ) · ∇Rθ ∂
∂θ
+ ik⊥ · (∇Rφlw1 × bˆ)
]
f tb
s1
+
[
Zse
ms
bˆ · ∇Rφlw1 +
u
Ωs
(bˆ× κ) ·
(
µ∇RB + Zse
ms
∇Rφ0
)]
∂f tb
s1
∂u
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+
∑
s′
(
Css′
[
f tb
s1
, f lws′1
]
+ Css′
[
f lws1 , f
tb
s′1
]
+
∑
k′ψ ,k′α
Css′
[
(f tb
s1
)′, (f tb
s′1
)′′
])
, (246)
F tbs2,grad = −fMs
[
Zse
Ts
vMs ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
+
(
∂
∂ψ
lnns
+
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)
c
B
(∇Rψ × bˆ) · ∇Rθ ∂
∂θ
]
φtb
1
−vMs ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
f tb
s1
+
∑
k′ψ ,k′α
[
c(φtb
1
)′
B
i(k′⊥ × bˆ) ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
(f tb
s1
)′′
−c(f
tb
s1
)′
B
i(k′⊥ × bˆ) ·
(
∇Rψ ∂
∂ψ
+∇Rθ ∂
∂θ
)
(φtb
1
)′′
]
(247)
and
F tbs2,acc =
∑
k′ψ ,k′α
Zse
ms
∂(f tb
s1
)′′
∂u
(
bˆ · ∇Rθ ∂
∂θ
+
u
Ωs
ik′⊥ · (bˆ× κ)
)
(φtb
1
)′. (248)
Here a prime on a Fourier coefficient indicates that it depends on k′ψ and k
′
α, and two
primes that it depends on k′′ψ = kψ − k′ψ and k′′α = kα − k′α. The right sides of (245) are
∆ntbs2,nc = 2pi
∫
dv|| dµ0 (1− J20 (λs))
∂f lws1
∂µ0
Zsφ
tb
1,nc
ms
(249)
and
∆ntbs2,β = 0 (250)
for β = grad, acc. In the equations for ionic species (s 6= e), the ion-electron and
impurity-electron collisions are negligible (see Appendix D), and in the equations for
electrons (s = e), the electron-ion and electron-impurity collision operators can be
simplified using
√
me/mi  1, as shown in Appendix E. To evaluate F tbs2,grad, we need
∂f tb
s1
/∂ψ and ∂φtb
1
/∂ψ. These derivatives can be calculated by neglecting terms of order
Bp/B  1 in equations (150) and (151) while assuming k⊥ρi ∼ Bp/B,
∂
∂t
(
∂f tb
s1
∂ψ
)
+
(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
∂f tb
s1
∂ψ
+
(
−ikαc∂φ0
∂ψ
+ ik⊥ · vMs
)
∂f tb
s1
∂ψ
−
∑
s′
C
(`)
ss′
[
∂f tb
s1
∂ψ
;
∂f tb
s1
∂ψ
]
+
{
∂φtb
1
∂ψ
, f tb
s1
}
+
{
φtb
1
,
∂f tb
s1
∂ψ
}
= −fMs
[
Zse
Ts
(
ubˆ · ∇Rθ ∂
∂θ
+ ik⊥ · vMs
)
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Table 2. Size of the pieces of the short wavelength, second order distribution function
f tb
s2
for Bp/B . k⊥ρi . 1.
f tb
s2,β
Size for s 6= e Size for s = e
f tb
s2,nc
(k⊥ρi)−1(B/Bp)ρ2∗fMs Even in u: (k⊥ρi)
−1(B/Bp)ρ2∗fMe
Odd in u: (k⊥ρi)−1(B/Bp)
√
me/miρ
2
∗fMe
f tb
s2,grad
(k⊥ρi)−2ρ2∗fMs Even in u: (k⊥ρi)
−2ρ2∗fMe
Odd in u: (k⊥ρi)−2
√
me/miρ
2
∗fMe
f tb
s2,acc
(k⊥ρi)−2ρ2∗fMs Even in u: (k⊥ρi)
−2ρ2∗fMe
Odd in u: (k⊥ρi)−2
√
me/miρ
2
∗fMe
+ikαc
(
∂
∂ψ
lnns +
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)]
∂φtb
1
∂ψ
−u ∂
∂ψ
(bˆ · ∇Rθ)
∂f tb
s1
∂θ
+ µ
∂
∂ψ
(bˆ · ∇RB)
∂f tb
s1
∂u
−f tb
s1
∂
∂ψ
(
−ikαc∂φ0
∂ψ
+ ik⊥ · vMs
)
+
∑
s′
∂C
(`)
ss′
∂ψ
[
f tb
s1
; f tb
s1
]
− ∂
∂ψ
(
ZsefMs
Ts
ubˆ · ∇Rθ
)
∂φtb
1
∂θ
−φtb
1
∂
∂ψ
[
ZsefMs
Ts
ik⊥ · vMs + ikαcfMs
(
∂
∂ψ
lnns
+
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)]
(251)
and
2pi
∑
s
Zs
∫
dv|| dµ0B
∂f tb
s1
∂ψ
= −2pi
∑
s
Zs
∫
dv|| dµ0 f
tb
s1
∂B
∂ψ
. (252)
Note that we have kept finite gyroradius effects only in F tbs2,nc, which is the piece that
dominates for k⊥ρi ∼ 1 according to tables 2 and 3 and the discussion in the next
paragraph.
The sizes of the different pieces f tb
s2,β
and φtb
2,β
are given in tables 2 and 3. The size of
f tb
s2,β
for s 6= e is deduced from the fact that the characteristic size of the left side of (244)
is k⊥ρi(vti/a)f
tb
s2,β
according to (212). Then, f tb
s2,β
∼ (k⊥ρi)−1(a/vti)F tbs2,β, and using
(165), (168), (173) and (175), we find the second column of table 2. Note that to obtain
the size of F tbs2,nc and F
tb
s2,grad for k⊥ρi  Bp/B, we have used the new Fourier coefficients
φˇ
tb
1
and fˇ
tb
s1
in (186) and (187). With these new coefficients, bˆ · ∇ ∼ l−1||  (Bp/B)a−1
whereas the correction to the lowest order perpendicular gradient ikˇ⊥ is of order a−1,
that is, it does not depend on l|| (see (193) and (194)). An example of how the new
functions φˇ
tb
1
and fˇ
tb
s1
affect the estimates is given in the discussion around (231). From
(245) we deduce eφtb
2,β
/Te ∼ f tbs2,β/fMs, leading to the results in table 3. The size of the
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Table 3. Size of the pieces of the short wavelength, second order potential φtb
2
for
Bp/B . k⊥ρi . 1.
φtb
2,β
Size
φtb
2,nc
(k⊥ρi)−1(B/Bp)ρ2∗Te/e
φtb
2,grad
(k⊥ρi)−2ρ2∗Te/e
φtb
2,acc
(k⊥ρi)−2ρ2∗Te/e
electron distribution function is obtained in a similar manner. We only need to recall
the discussion around equations (75) and (78) about the difference between pieces even
and odd in u.
8.3. Momentum flux
Using the orderings discussed at the beginning of this section, and the results of
subsections 8.1 and 8.2, we simplify the formula for the radial momentum flux Π =
Π−1 + Π0 given in (102). The size of the pieces of the distribution function and the
potential that contribute to the momentum flux is given in tables 1, 2 and 3. The pieces
f˜ lws2 and f˜
tb
s2
, given in (123) and (125), and the pieces ∆f lws1 and ∆f
lw
s2 , defined in (97)
and (B.6), are all small in Bp/B  1 compared to the other pieces of the distribution
function, giving
[fs]
lw
n ' f lwsn . (253)
The piece ∆f tb
s2
, defined in (B.7) simplifies to the result in (241). Finally, to lowest order
in Bp/B  1,
Rv · ζˆ ' Iv||
B
. (254)
This approximation is valid except for in (265). We explain why below.
With these considerations, we find that the piece of the radial flux of toroidal
angular momentum, Π−1, is to lowest order in Bp/B  1,
Π−1 = Πtb−1,ud + Π
nc
−1,ud, (255)
where
Πtb−1,ud = −
〈〈∑
s 6=e
∑
kψ ,kα
Imsc
B
ikα(φ
tb
1
)∗
∫
d3v f tb
s1
J0(λs)v||
〉
ψ
〉
t
(256)
and
Πnc−1,ud = −
〈 ∑
s 6=e,s′ 6=e
I2m2sc
2ZseB2
∫
d3v C
(`)
ss′
[
f lws1 ; f
lw
s′1
]
v2||
〉
ψ
(257)
are the lowest order turbulent and neoclassical momentum fluxes that only give a
contribution when the tokamak is up-down asymmetric (see section 6). Using the
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equations for ∂ns/∂t and ∂Ti/∂t, (227) and (228), and the split into different pieces of
the distribution functions and the potential given in (236), (242) and (243), we obtain
that Π0 is
Π0 = Π
tb
0 + Π
nc
0 + Π
FOW
0 , (258)
where
Πtb0 = Π
tb
0,nc + Π
tb
0,grad + Π
tb
0,acc (259)
is the turbulent momentum flux,
Πnc0 = −
1
V ′
∂
∂ψ
V ′〈 ∑
s 6=e,s′ 6=e
I3m3sc
2
6Z2s e
2B3
∫
d3v C
(`)
ss′
[
f lws1 ; f
lw
s′1
]
v3||
〉
ψ

−
〈 ∑
s6=e,s′ 6=e
I2m2sc
2ZseB2
∫
d3v C
(`)
ss′
[
hlws2,nc;h
lw
s′2,nc
]
v2||
〉
ψ
−
〈 ∑
s6=e,s′ 6=e
I2m2sc
2ZseB2
∫
d3v Css′
[
f lws1 , f
lw
s′1
]
v2||
〉
ψ
+
〈
I2
B2
〉
ψ
cTi
2e
(∑
s′′ 6=e
ns′′
)−1 ∑
s 6=e,s′ 6=e
ns′
〈∫
d3v F lws2,nc
[
ms
Zs
+
ms′
Zs′
(
msv
2
3Ti
− 1
)]〉
ψ
(260)
is the neoclassical momentum flux, and
ΠFOW0 = Π
FOW
0,tb + Π
FOW
0,∆T + Π
FOW
0,Q (261)
is the momentum flux driven by finite orbit widths (see the discussion in subsection
9.5). The turbulent momentum flux Πtb0 has been divided into three pieces, defined by
Πtb0,β = −
〈〈∑
s 6=e
∑
kψ ,kα
Imsc
B
ikα(φ
tb
1
)∗
∫
d3v f tb
s2,β
J0(λs)v||
〉
ψ
〉
t
−
〈〈∑
s 6=e
∑
kψ ,kα
Imsc
B
ikα(φ
tb
2,β
)∗
∫
d3v f tb
s1
J0(λs)v||
〉
ψ
〉
t
(262)
for β = nc, grad, acc. Similarly, the momentum flux due to finite orbit widths ΠFOW0 has
been divided into three other pieces:
ΠFOW0,tb = −
1
V ′
∂
∂ψ
V ′〈〈∑
s 6=e
∑
kψ ,kα
I2m2sc
2
2ZseB2
ikα(φ
tb
1
)∗
∫
d3v f tb
s1
v2||
〉
ψ
〉
t

−
〈 ∑
s 6=e,s′ 6=e
I2m2sc
2ZseB2
∫
d3v C
(`)
ss′
[
hlws2,tb;h
lw
s′2,tb
]
v2||
〉
ψ
−
〈 ∑
s 6=e,s′ 6=e
I2m2sc
2ZseB2
∫
d3v
〈 ∑
kψ ,kα
Css′ [f
tb
s1
, (f tb
s′1
)∗]
〉
t
v2||
〉
ψ
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Table 4. Size of the different contribution to the momentum flux Π for Bp/B .
k⊥ρi . 1. The estimates are normalized by ΠN = ρ3∗piR|∇ψ|.
Momentum flux Size/ΠN
Πtb−1,ud max{(k⊥ρi)−2(Bp/B),
√
me/mi(B/Bp)}ρ−1∗ ∆ud
Πnc−1,ud (B/Bp)
2(aνii/vti)ρ
−1
∗ ∆ud
Πtb0,nc (k⊥ρi)
−1(B/Bp)
Πtb0,grad (k⊥ρi)
−2
Πtb0,acc (k⊥ρi)
−2
Πnc0 (B/Bp)
3(aνii/vti)
ΠFOW0,tb (k⊥ρi)
−1(B/Bp)
ΠFOW0,∆T (B/Bp)
√
me/mi(Te/Ti − 1)(aνii/vti)ρ−2∗
ΠFOW0,Q (B/Bp)(Qsa/ρ
2
∗vtifMs)
+
〈
I2
B2
〉
ψ
cTi
2e
(∑
s′′ 6=e
ns′′
)−1 ∑
s 6=e,s′ 6=e
ns′
〈∫
d3v F lws2,tb
[
ms
Zs
+
ms′
Zs′
(
msv
2
3Ti
− 1
)]〉
ψ
, (263)
ΠFOW0,∆T = −
〈 ∑
s 6=e,s′ 6=e
I2m2sc
2ZseB2
∫
d3v C
(`)
ss′
[
hlws2,∆T ;h
lw
s′2,∆T
]
v2||
〉
ψ
+
〈
I2
B2
〉
ψ
nemec
e
(Te − Ti)
(∑
s′′ 6=e
ns′′
)−1
×
∑
s 6=e,s′ 6=e
ns′νes
(
ms′
Zs′ms
− 1
Zs
)
(264)
and
ΠFOW0,Q = −
〈 ∑
s 6=e,s′ 6=e
I2m2sc
2ZseB2
∫
d3v C
(`)
ss′
[
hlws2,Q;h
lw
s′2,Q
]
v2||
〉
ψ
+
cTi
2e
(∑
s′′ 6=e
ns′′
)−1 ∑
s 6=e,s′ 6=e
ns′
〈∫
d3v Qs
[〈R2〉ψms
Zs
+
〈R2〉ψms′
Zs′
(
msv
2
3Ti
− 1
)
− R
2ms
Zs
ms(v · ζˆ)2
Ti
]〉
ψ
. (265)
Note that we have not used R(v · ζˆ) ' Iv||/B in (265) because Qs could have a large
gyrophase dependent piece. This cannot happen in hlws2,Q because the fast gyration of
the particles would average it out.
The size of the different pieces of Π is given in table 4. The size of the different
terms is deduced from the estimates given in tables 1, 2 and 3. For Πtb−1,ud and Π
nc
−1,ud,
to indicate that they depend strongly on the up-down asymmetry of the flux surface, we
have used the formal parameter ∆ud that measures how close the flux surface is to being
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up-down symmetric (∆ud = 0 for perfect up-down symmetry, and ∆ud ∼ 1 for extreme
up-down asymmetry). In addition to up-down asymmetry, we have taken into account
that turbulence with k⊥ρi  Bp/B also satisfies the symmetry described by equations
(208) and (209) to lowest order in (k⊥ρi)−1(Bp/B)  1 and k⊥ρi
√
me/mi(B/Bp)  1
(see discussion around (199) for the parameter k⊥ρi
√
me/mi(B/Bp)  1). Then,
Πtb−1,ud vanishes to lowest order in (k⊥ρi)
−1(Bp/B)  1 and k⊥ρi
√
me/mi(B/Bp)  1
even for up-down asymmetric flux surfaces. In table 4, we have indicated that we
need to choose the biggest of the two expansion parameters (k⊥ρi)−1(Bp/B)  1 and
k⊥ρi
√
me/mi(B/Bp) 1.
The other contributions to the momentum flux do not depend on up-down
asymmetry. The reason is that for an up-down symmetric flux surface, when we apply
the symmetries discussed in section 6 to equations (237), (244) and (245), we find that
hlws2,β(ψ, θ, u, µ) = h
lw
s2,β(ψ,−θ,−u, µ) (266)
and that equations (244) and (245) are invariant under the transformation
kψ → −kψ, θ → −θ, u→ −u, f tbs2,β → f tbs2,β, φtb2,β → φtb2,β. (267)
Then, in principle, Πtb0 , Π
nc
0 and Π
FOW
0 do not vanish in up-down symmetric tokamaks,
unlike Πtb−1,ud and Π
nc
−1,ud.
Note that the equations presented in this subsection for k⊥ρi ∼ 1 (in this limit,
Πtb0,grad, Π
tb
0,acc and several terms in the equations for h
lw
s2,β, f
tb
s2,nc
and φtb
2
are negligible) are
the same ones derived in [32], with the exception of the equations for electrons that were
ignored. The electron equations were then introduced in [33], although in this reference
we obtained the equations in the frame rotating with velocity Ωζ,E = −c(∂φ0/∂ψ). The
equations in this rotating frame are given in Appendix H.
9. Interpretation of the equations
Using the momentum flux Π calculated in subsection 8.3 and the conservation equation
for toroidal angular momentum in (15), we can calculate the potential φ0 in the tokamak
(the densities ns and the temperatures Ti can be calculated using the particle and ion
energy conservation equations, given in (227) and (228), and Te is determined by the
electron energy conservation equation, not given in this article). The momentum flux Π
depends on the geometry of the flux surface and on first and second radial derivatives
of the pressure, the potential φ0 and the temperature. Instead of working with the
potential φ0, we use the plasma rotation. The plasma does not rotate rigidly because it
has a parallel component of the velocity that is not exactly toroidal, given by the last
term in (135). For this reason, we define the rotation of a flux surface Ωζ as the rotation
the flux surface should have to have the same total toroidal angular momentum, that
is, ∑
s
nsms〈R2〉ψΩζ =
∑
s
〈nsmsRVlws · ζˆ〉ψ. (268)
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Using (135) we find
Ωζ = −c∂φ0
∂ψ
+
(∑
s′ 6=e
ns′ms′
)−1∑
s 6=e
(
−msc
Zse
∂ps
∂ψ
+
msKsI
〈R2〉ψ
)
. (269)
All the equations in this article can be written in terms of Ωζ and ∂Ωζ/∂ψ if we use
(269) to write ∂φ0/∂ψ as a function of Ωζ , ∂ns/∂ψ and ∂Ts/∂ψ. In particular, the
conservation equation for toroidal angular momentum equation becomes
∂
∂t
(∑
s 6=e
nsms〈R2〉ψΩζ
)
= − 1
V ′
∂
∂ψ
(V ′Π) + Tζ . (270)
In our ordering, the contributions Πtb−1,ud and Π
nc
−1,ud in (256) and (257) do not
depend on Ωζ because they do not depend on ∂φ0/∂ψ. The equations in the rotating
frame where the radial electric field is zero, derived in Appendix H, show that Πtb−1,ud
and Πnc−1,ud do not depend on ∂φ0/∂ψ because these pieces of the momentum flux do not
change with the change of frame, i.e., they are the same even when the radial electric
field is zero. The rotation frequency Ωζ enters only in the higher order pieces Π0, and in
particular, in Πtb0,nc, Π
tb
0,grad and Π
nc
0 . Since the equations for the second order pieces of
the distribution function and the potential, given in subsections 8.1 and 8.2, are linear,
Ωζ and ∂Ωζ/∂ψ only appear linearly in the inhomogeneous terms, and expression (262)
and (260) for Πtb0,nc, Π
tb
0,grad and Π
nc
0 are linear in the second order pieces, the momentum
flux must depend linearly on Ωζ and ∂Ωζ/∂ψ, i.e.
Π = −χζ ∂Ωζ
∂ψ
+ PζΩζ + Πintr, (271)
where the intrinsic momentum flux Πintr is the momentum flux for Ωζ = 0 and
∂Ωζ/∂ψ = 0. The characteristic size of the momentum diffusivity χζ and the momentum
convection Pζ can be deduced from the sizes given in tables 1, 2, 3 and 4. The momentum
diffusivity χζ = χ
tb
ζ + χ
nc
ζ has two components: turbulent diffusivity and neoclassical
diffusivity. The turbulent diffusivity is part of Πtb0,nc and of Π
tb
0,grad, and it is of size
χtbζ ∼
1
k⊥a
ρivtinemiR
2|∇ψ|2. (272)
The neoclassical diffusivity is part of Πnc0 , and it is of size
χncζ ∼
B2
B2p
ρ2i νiinemiR
2|∇ψ|2. (273)
The momentum convection Pζ = Γ
tb
ζ +Γ
nc
ζ +P
tb
ζ has three components: the piece due to
the turbulent particle transport Γtbζ , the piece due to the neoclassical particle transport
Γncζ , and the Coriolis pinch P
tb
ζ described in [66]. The convection due to particle fluxes
is
Γtbζ = −
〈〈
I2
B2
∑
s 6=e
∑
kψ ,kα
ikαmsc(φ
tb
1
)∗
∫
d3v f tb
s1
J0(λs)v||
〉
ψ
〉
t
(274)
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and
Γncζ = −
〈 ∑
s6=e,s′ 6=e
I3m2sc
ZseB3
∫
d3v C
(`)
ss′
[
f lws1 ; f
lw
s′1
]
v||
〉
ψ
. (275)
Their size is given by
Γtbζ ∼
1
k⊥a
ρ∗vtinemiR2|∇ψ| (276)
and
Γncζ ∼
B2
B2p
ρ∗ρiνiinemiR2|∇ψ|. (277)
The turbulent momentum pinch P tbζ is momentum flux that is proportional to Ωζ and
that is present even in the absence of particle flux [66]. Its characteristic size is
P tbζ = Pζ − Γtbζ − Γncζ ∼
1
k⊥a
ρ∗vtinemiR2|∇ψ|. (278)
Recall that Pζ , used in the equation above, is defined by (271). It may be surprising
that in a model for intrinsic rotation based on turbulent momentum redistribution,
the dependence on the rotation Ωζ is linear. The reason is that we have assumed
that RΩζ  vti so that the rotation is too small to affect the turbulent diffusivity
and convective flux. This assumption is incorrect for extreme up-down asymmetric
configurations, or for large torques Tζ .
The steady state solution to equations (270) and (271) is
Ωζ(ψ) = Ωζ(ψ = ψa) exp
(∫ ψa
ψ
Pζ(ψ
′′)
χζ(ψ′′)
dψ′′
)
−
∫ ψa
ψ
Πintr(ψ
′)
χζ(ψ′)
exp
(∫ ψ′
ψ
Pζ(ψ
′′)
χζ(ψ′′)
dψ′′
)
dψ′
+
∫ ψa
ψ
∫ ψ′
0
V ′(ψ′′′)Tζ(ψ′′′)dψ′′′
V ′(ψ′)χζ(ψ′)
exp
(∫ ψ′
ψ
Pζ(ψ
′′)
χζ(ψ′′)
dψ′′
)
dψ′. (279)
Here we have used the boundary conditions Π = 0 at the magnetic axis, ψ = 0, and
Ωζ = Ωζ(ψ = ψa) at the last closed flux surface, ψ = ψa. Equation (279) shows that
in the absence of external torque, Tζ = 0, the rotation does not depend on the size of
Πintr, but on the relative size Πintr/χζ . Since both Πintr and χζ are proportional to the
square of the turbulence amplitude, the final rotation does not depend on turbulence
amplitude. Assuming that turbulence is the dominant mechanism for diffusion, i.e.
k⊥ρi . (Bp/B)2(vti/aνii), the momentum diffusivity is χζ ∼ (k⊥a)−1ρivtinemiR2|∇ψ|2,
and using table 4, we can calculate the size of the intrinsic rotation that the different
mechanisms give,
∆Ωζ,intr(ψ) = −
∫ ψa
ψ
Πintr(ψ
′)
χζ(ψ′)
exp
(∫ ψ′
ψ
Pζ(ψ
′′)
χζ(ψ′′)
dψ′′
)
dψ′. (280)
The different sizes of ∆Ωζ,intr are given in table 5. Ignoring up-down asymmetries, the
size of the intrinsic rotation is ∆Ωζ,intr ∼ (B/Bp)ρ∗vti/R, and it is mostly driven by
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Table 5. Size of the intrinsic rotation ∆Ωζ,intr driven by the different pieces of Π for
Bp/B . k⊥ρi . 1.
Drive mechanism Size of ∆Ωζ,intr
Πtb−1,ud max{(k⊥ρi)−2(Bp/B),
√
me/mi(B/Bp)}(k⊥ρi)∆udvti/R
Πnc−1,ud (B/Bp)
2(k⊥ρi)(aνii/vti)∆udvti/R
Πtb0,nc (B/Bp)ρ∗vti/R
Πtb0,grad (k⊥ρi)
−1ρ∗vti/R
Πtb0,acc (k⊥ρi)
−1ρ∗vti/R
Πnc0 (B/Bp)
3(k⊥ρi)(aνii/vti)ρ∗vti/R
ΠFOW0,tb (B/Bp)ρ∗vti/R
ΠFOW0,∆T
√
me/mi(Te/Ti − 1)(aνii/vti)ρ−2∗ (k⊥ρi)(B/Bp)ρ∗vti/R
ΠFOW0,Q (Qsa/ρ
2
∗vtifMs)(k⊥ρi)(B/Bp)ρ∗vti/R
Πtb0,nc and the different pieces of Π
FOW
0 . Note that due to energy balance (see equation
(228)), √
me
mi
νii
Te − Ti
Ti
∼ Qs
fMs
∼ 1
τE
∼ 1
k⊥ρi
ρ2∗
vti
a
, (281)
and the momentum fluxes ΠFOW0,∆T and Π
FOW
0,Q will always be important. The pieces Π
tb
0,grad
and Πtb0,acc can become important for turbulence with large eddies, k⊥ρi ∼ Bp/B. The
estimate ∆Ωζ,intr ∼ (B/Bp)ρ∗vti/R was successfully checked with a large experimental
database in [22].
The different drives in table 5 have different physical origin, but all of them drive
intrinsic rotation because they break the symmetry of the lowest order kinetic equations,
given in section 6. From here on we focus on the symmetry of the turbulence. To discuss
the origin of the different drives of intrinsic rotation, we consider the equations with and
without magnetic drift. The reason is that the magnetic drift is indispensable for several
of the intrinsic rotation drives that we have deduced in section 8. We need to change the
sign of kψ, f
tb
s1
and φtb
1
in the symmetry described by equations (163) and (164) because
tokamaks have a radial magnetic drift vMs · ∇Rψ and magnetic shear. If in equations
(136) and (139) we artificially make the magnetic shear and the radial component of the
magnetic drift zero, there is a new symmetry of the equations in an up-down symmetric
flux surface, given by
θ → −θ, u→ −u, f tb
s1
→ f tb
s1
, φtb
1
→ φtb
1
. (282)
Note that kψ, f
tb
s1
or φtb
1
need not be reversed in this case. The partial symmetry
(282) can be understood by looking at two particles that move with opposite parallel
velocities, as shown in Figure 1. Statistically, both particles will experience the same
turbulence because the tokamak is up-down symmetric, and the turbulence in the upper
half must be the same as in the lower half. Without loss of generality, we assume
that for the magnitude of the parallel velocity of these two particles, |u|, the turbulent
E×B drift pushes both particles outwards. Then, after a few eddy turnover times, both
particles have moved radially outwards, as indicated in the figure, and as a result we have
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Figure 1. Sketch of two particles with opposite parallel velocity moving in an up-
down symmetric tokamak. The axis of axisymmetry is represented by the dash-dot
line, the black circle is a flux surface, the toroidal magnetic field is out of the page, and
the poloidal magnetic field is pointing counter-clockwise. The trajectory of the particle
with positive parallel velocity is plotted in red, and the trajectory of the particle with
negative parallel velocity is given in blue.
particle and energy turbulent transport. There is no net toroidal angular momentum
flux because the toroidal projection of the parallel velocity of one of the particles cancels
the projection of the other. Thus, if the background distribution function of particles
is symmetric in u, there is no momentum flux. If the background distribution function
is not symmetric in u, there are more particles with one sign of u than particles with
the other sign, and the picture in Figure 1 just gives the momentum flux due to the
turbulent particle flux, Γtbζ Ωζ , given in (274).
The partial symmetry (282) is only valid when the magnetic shear and vMs·∇Rψ are
zero. When we have vMs ·∇Rψ 6= 0, the particles follow drift orbits that break symmetry
(282), as shown in Figure 2(a), where at the highlighted point, particles with positive
parallel velocity move radially inwards, and particles with negative parallel velocity
move radially outwards. These orbits make symmetry (282) invalid, and we need to use
the full symmetry in (163) and (164) where kψ, f
tb
s1
and φtb
1
must reverse. The reversal
in kψ is necessary because it means that the particles experience the same turbulence
fluctuations when they move radially outwards as they do when they move radially
inwards, and hence, the asymmetry imposed by the particle orbits is not important. The
turbulence is the same radially out and radially in because we have assumed that the
turbulence characteristics vary very slowly in the radial direction, that is, the turbulent
eddies are very small compared to characteristic length of the background density and
temperature gradients. There is a next order asymmetry in the radial direction due to
the slow derivatives ∂f tb
s1
/∂ψ and ∂φtb
1
/∂ψ.
The magnetic shear also breaks the partial symmetry (282). The magnetic shear
is included in our equations in the way that k⊥ = kψ∇ψ + kα∇α changes with θ, and
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in particular, in the linear increase of ∇α with θ. The perpendicular wavevector k⊥
breaks symmetry (282) only in the terms that contain ik⊥ · vMs, J0(Λs) and J0(λs)
in (136) and (139). In the case of the terms with ik⊥ · vMs, symmetry (282) is only
broken when vMs · ∇Rψ 6= 0, that is, it is related to the drift orbits sketched in Figure
2(a). The finite gyroradius effects that give the terms with J0(Λs) and J0(λs) in (136)
and (139) are the only effects that the magnetic shear has by itself on the turbulence.
The magnetic shear determines how the perpendicular structure of an eddy changes
along the magnetic field. The effect of the magnetic shear is sketched in Figure 2(b),
where an eddy with a given tilt at θ = 0 and ζ = 0 has different tilts at different ζ for
positive magnetic shear ∂q/∂ψ > 0. In the same figure, we compare the eddy width
with the gyroradius of a characteristic particle. As the particle moves in its gyromotion,
it averages over the eddy, so it is clear that the particle will experience a different E×B
for ζ > 0 than for ζ < 0, and as a result, particles with opposite parallel velocities will
not experience the same turbulence. The full symmetry given in (163) and (164) solves
this problem because it indicates that eddies do not have a preferred tilt at θ = 0, and
hence, there will be eddies with a tilt opposite to the tilt depicted in Figure 2(b) that
will compensate for the momentum flux driven by the eddy in this figure.
In this article, we have rigorously deduced the main symmetry breaking mechanisms
for Bp/B  1. The main mechanisms that break the symmetry of the turbulence and
drive intrinsic rotation are: up-down asymmetry, neoclassical flows, the slow variation
of the turbulence characteristics, the turbulent acceleration of the particles, and finite
orbit widths. These different drives correspond to Πtb−1,ud, Π
tb
0,nc, Π
tb
0,grad, Π
tb
0,acc and Π
FOW
0 ,
respectively. We discuss each one of these mechanisms below.
9.1. Momentum flux driven by up-down asymmetry
It is obvious that an up-down asymmetric flux surface breaks the symmetry described
in section 6. This effect has already been studied in [25, 26, 27]. In our notation, this
effect is included in Πtb−1,ud, and its size is given in tables 4 and 5. This drive is reduced
when the turbulence has small perpendicular eddies, i.e. for large k⊥ρi. The reason is
that small eddies have shorter turn over times, typically of order (k⊥ρi)−1(a/vti), and as
a result, they do not have time to extend very far along the magnetic field lines because
their typical parallel propagation velocity, vti, is not affected by the eddy size. Eddies
that are small in the parallel direction are not able to sample a large portion of the flux
surface, and as a result, are not affected by its up-down asymmetry.
9.2. Momentum flux driven by neoclassical corrections
The effect of neoclassical corrections on turbulence was proposed as a drive for intrinsic
rotation in [32, 33], and it has been studied numerically in [34, 35, 36, 37]. The
finite width of drift orbits depicted in Figure 2(a) drives neoclassical flows, poloidal
perturbations to the density and temperature, and poloidal electric fields. All these
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Figure 2. Sketch of the effect of (a) the radial magnetic drift vMs ·∇Rψ and (b) the
magnetic shear on the symmetry of the turbulence. In (a) the drift orbits are sketched.
The axis of axisymmetry is the dash-dot line, the toroidal magnetic field is out of the
page, and the poloidal magnetic field is counter-clockwise. The orbit with positive
parallel velocity is plotted in red, and the one with negative parallel velocity is plotted
in blue. In (b) the cross section of a turbulent E ×B eddy at different ζ = constant
planes is given. The direction of the E × B drift is indicated by the arrow, and the
size of a typical gyroradius, plotted as a dashed circle, is given for comparison.
effects break the symmetry of the turbulence even in up-down symmetric flux surfaces,
and in our model this effect is included in Πtb0,nc.
The poloidal electric field breaks the symmetry because it creates a potential φlw1
that satisfies φlw1 (θ) = −φlw1 (−θ), that is, it is odd in θ. Due to this correction to the
potential, particles with positive parallel velocity experience a different background
potential than particles with negative parallel velocity, breaking the turbulence
symmetry. Similar effects are obtained from poloidal perturbations to the background
density and temperature.
The effect of neoclassical flows on momentum transport is more subtle. The
momentum flux driven by an existing flow is not an intrinsic rotation drive, but
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neoclassical flows lead to intrinsic rotation. Consider a situation in which Ωζ = 0,
where Ωζ is defined in (269). If for Ωζ = 0, Π
tb
0,nc 6= 0, then we can say that neoclassical
flows drive intrinsic rotation. This can happen because Ωζ = 0 does not imply that each
one of the contributions to Ωζ given in (269) vanish, but that they cancel each other.
The piece of Ωζ proportional to the radial electric field ∂φ0/∂r modifies particle orbits
and makes them precess toroidally, whereas the pressure and temperature gradient flows
are due to the finite orbit width of the particles, but do not modify particle orbits. The
pressure and temperature gradient drive flows with different poloidal dependence and
direction. Due to these differences, the value of the turbulent diffusivity and pinch
for each of the flows in (269) is different. As a result, even if these flows combine to
give Ωζ = 0, the momentum flux they produce does not add to zero, and produces
momentum redistribution and intrinsic rotation. The different turbulent diffusivities
and pinches have been studied in [35, 36, 37].
The size of these neoclassical corrections is related to the width of the drift
orbits depicted in Figure 2(a). These orbits have a radial width of order the poloidal
gyroradius, (B/Bp)ρs, and as a result, they drive intrinsic rotation that is small
compared to the thermal speed by (B/Bp)ρ∗.
For tokamaks with Bp/B  1 and gyroradius scale turbulence in [32, 33], the effect
of neoclassical corrections on turbulence was predicted to be the most important effect
for intrinsic rotation along with the finite orbit width effects described in subsection
9.5. This prediction has been confirmed in this article where we have allowed poloidal
gyroradius scale turbulence in addition to gyroradius scale turbulence. Only when
the turbulent eddies have large perpendicular scales can other effects such as the slow
variation of the turbulence characteristics or the turbulent acceleration compete. We
discuss these two important effects in subsections 9.3 and 9.4.
9.3. Momentum flux driven by the variation of the turbulence characteristics
The characteristics of the turbulence change radially and poloidally because the plasma
density and temperature change with radius, and the magnetic field magnitude and
direction change with poloidal angle. The length of variation of the turbulence
characteristics is long compared to the characteristic eddy size, and it does not affect
the turbulence to lowest order, but it is important for intrinsic rotation. This effect is
included in our model via Πtb0,grad, and has been considered in detail in [30] and [38].
When we discussed the symmetry of the turbulence in section 9, we mentioned that
due to the drift orbits sketched in Figure 2(a), particles with positive parallel velocity
move inwards, and particles with negative parallel velocity move outwards, but this
asymmetry did not cause momentum transport because the turbulence was statistically
the same radially in and radially out. This uniformity of the turbulence was only true
to lowest order, and was based on the fact that turbulence eddies were small compared
to the characteristic length of variation of the background density and temperature. By
considering the next order slow radial variation of f tb
s1
and φtb
1
, we break the symmetry.
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The ratio between characteristic size of the eddies and the background radial scale length
is (k⊥a)−1  1. Then, we expect the characteristic size of the momentum flux due to
the slow radial variation of the turbulence characteristics to scale with (k⊥ρi)−1. If we
compare (k⊥ρi)−1 to the characteristic size of Πtb0,nc, of order (B/Bp)ρ∗, we can see why
only turbulence with large eddies, of the order of the poloidal gyroradius, can produce
sufficient intrinsic momentum flux Πtb0,grad to compete with Π
tb
0,nc.
The poloidal variation of the turbulence characteristics also matters for momentum
transport. The reason is that perpendicular drifts such as the magnetic drift and the
turbulent E × B drift move particles in the poloidal direction. This means that even
in the absence of the radial magnetic drift vMs · ∇Rψ and hence, drift orbits, magnetic
drifts can break the partial symmetry in (282). For example, a downwards magnetic
drift imposed on the situation presented in Figure 1 breaks the symmetry because it
means that positive parallel velocity particles move to the region θ > 0 more slowly
than particles with negative parallel velocity move to the region θ < 0. Due to magnetic
and turbulent E×B drifts, particles move in θ, and as a result, they experience a slow
gradient due to the poloidal variation of the turbulence characteristics. This change
can be estimated by calculating the poloidal distance that a particle moves in an eddy
turnover time, (k⊥ρi)−1(a/vti). Given that the drifts are of order ρ∗vti, the particle
moves poloidally a distance k−1⊥ , and given that the characteristic length of variation in
the poloidal direction is a, this effect is, as the radial variation, of order (k⊥a)−1  1.
Note that magnetic shear is important for the symmetry of the turbulence, but
we have not considered it in the physical picture presented here. The slow variation
of the turbulence characteristics only matters for turbulence with large eddies, and in
this case the finite gyroradius effects become unimportant. Without finite gyroradius
effects, the magnetic shear only enters in a term proportional to vMs · ∇Rψ (see the
discussion following equation (282)). Thus, for Bp/B  1 the magnetic shear does
not drive intrinsic rotation by itself, but in conjunction with the radial magnetic drift
vMs · ∇Rψ. A consequence of this result is that Πtb0,grad must depend mainly on the
magnetic drift: on the radial component vMs · ∇Rψ due to the radial variation of the
turbulence characteristics, and on the poloidal component vMs ·∇Rθ due to the poloidal
variation.
9.4. Momentum flux driven by turbulent acceleration
In an eddy turnover time, (k⊥ρi)−1(a/vti), the particle is accelerated by a parallel electric
field ρ∗Te/ea, giving a change in the parallel velocity of order (k⊥a)−1vti  vti. This
small change in the parallel velocity can break the symmetry of the turbulence if there is
a finite radial magnetic drift vMs ·∇Rψ. If we force the radial component of the magnetic
drift vMs · ∇Rψ to be zero, the piece of the momentum flux due to the turbulent
acceleration, Πtb0,acc, vanishes because the partial symmetry (282) is satisfied. Then,
Πtb0,acc must depend strongly on the radial component of the magnetic drift, vMs·∇Rψ. To
see why the radial magnetic drift is necessary, we need to explain why f tb
s1
and φtb
1
change
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sign in the full symmetry in (163) and (164). This change of sign is needed because the
radial component of the E × B drift must change sign, as we proceed to explain. We
focus on the turbulence around the magnetic field line defined by ψ = ψ0 and α = α0.
The idea behind the full symmetry in (163) and (164) is that if at time t = t1 we have a
turbulent potential configuration φtb1 (ψ−ψ0, α−α0, θ, t1) like the one sketched in figure
3(a), at another time t = t2 we find a potential φ
tb
1 (ψ − ψ0, α − α0, θ, t2) such that to
lowest order, particles with parallel velocity −u at −θ and t = t2 cancel the contribution
to the momentum flux due to particles with parallel velocity u at θ and t = t1. To
determine the relation between φtb1 (ψ − ψ0, α − α0, θ, t1) and φtb1 (ψ − ψ0, α − α0, θ, t2)
we must consider the radial component of the magnetic and E × B drifts. The radial
components of the turbulent E×B drift and the magnetic drift, vtbE1 ·∇Rψ = c(∂φtb1 /∂α)
and vMs · ∇Rψ, at t = t1 are sketched in figure 3(c). A particle with positive parallel
velocity u leaving from θ = 0 (sketched as an arrow to the right in figure 3(a)) sees
then a positive radial E × B and a negative radial magnetic drift. At time t = t2,
a particle with parallel velocity −u leaving from θ = 0 (sketched as an arrow to
the left in figure 3(b)) must feel the same radial drift to give a contribution to the
momentum flux that exactly opposes the momentum flux due to a particle with parallel
velocity u at θ = 0 and t = t1. Since the radial magnetic drift vMs · ∇Rψ is odd
in θ, the radial E × B at t = t2 must be related to the radial E × B at t = t1 by
(vtbE1 · ∇Rψ)(θ, t = t2) = −(vtbE1 · ∇Rψ)(−θ, t = t1). When this is satisfied, the particle
with positive parallel velocity u leaving from θ = 0 at t = t1 and the particle with
parallel velocity −u leaving from θ = 0 at t = t2 feel total radial drifts of the same
magnitude. The fact that the radial drifts have opposite signs at t = t1 and t = t2 is
not important because the turbulence is uniform in the radial direction to lowest order.
Then, as a consequence of having a radial magnetic drift vMs · ∇Rψ, the radial E×B
drift at t = t2 must be the one sketched in figure 3(d). The corresponding turbulent
piece of the potential is φtb1 (ψ−ψ0, α−α0, θ, t2) = −φtb1 (−(ψ−ψ0), α−α0,−θ, t1), and
it is sketched in figure 3(b).
The symmetry between the potentials in figures 3(a) and 3(b) is broken by the
turbulent parallel acceleration. In the potential in figure 3(a), a particle with positive
parallel velocity u leaving from θ = 0 (sketched in the figure as an arrow to the right) is
accelerated by the potential, whereas a particle with parallel velocity −u leaving from
θ = 0 in figure 3(b) (sketched as an arrow to the left) is decelerated. As a result, a
particle with positive parallel velocity u at t = t1 spends more time in the region θ > 0
than a particle with parallel velocity −u at t = t2 spends in the region θ < 0, and the
contributions to momentum flux from these two particles do not cancel exactly, giving
Πtb0,acc 6= 0. The size of Πtb0,acc can be estimated from the typical change in the parallel
velocity due to the turbulent acceleration, (k⊥a)−1vti, giving intrinsic rotation speeds
small in (k⊥a)−1  1. This effect can only be comparable to the effect of the neoclassical
corrections for turbulent eddies of the order of the poloidal gyroradius.
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Figure 3. The first line of figures are sketches of the turbulent piece of the potential
on the magnetic field line with ψ = ψ0 and α = α0 at times (a) t = t1 and (b) t = t2.
The flux surface is symmetric with respect to θ = 0. The second line of figures are
sketches of the turbulent radial E×B drift, vtbE1 ·∇Rψ, (blue) and the radial magnetic
drift, vMs · ∇Rψ, (red) on the magnetic field line with ψ = ψ0 and α = α0 at times
(c) t = t1 and (d) t = t2.
9.5. Momentum flux driven by finite orbit widths
Due to the presence of drift orbits such as the ones sketched in figure 2(a), the parallel
velocity and the radial position are correlated. Then, fluctuations in the parallel velocity
will be correlated to fluctuations in the radial position and any mechanism that changes
the parallel velocity of particles will induce momentum flux. This effect is captured by
the finite orbit width momentum flux ΠFOW0 . This momentum flux is better understood
using quasineutrality. The momentum flux ΠFOW0 is the result of a local increase or
decrease of the average energy of the plasma at a radial position that can be driven
by turbulence, the collisional transfer of energy between electrons and ions, or sources,
leading to the momentum fluxes ΠFOW0,tb , Π
FOW
0,∆T and Π
FOW
0,Q . When the plasma average
energy is increasing at a given radial position, the average width of the particle orbits
increases. The easiest way to calculate this increase is to use the canonical angular
momentum,
ψ∗ = ψ − msc
Zse
R(v · ζˆ), (283)
which must be conserved unless momentum is injected. To give a simple physical picture,
we take a plasma formed by one single ion species and electrons in which we increase
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the average energy at a flux surface by heating, but we do not inject toroidal angular
momentum, i.e., Rv · ζˆ does not change in time. Here (. . .) is an average over particles
and over the flux surface. An increase in energy gives an increase in the average value
R2(v · ζˆ)2 and as a consequence, in the average width of the orbits (∆ψ)2. Before we
heat up the plasma to increase R2(v · ζˆ)2, the plasma is quasineutral. After R2(v · ζˆ)2
has increased, the ion density changes because of the average increase in particle orbits.
The difference between the ion density before and after the increase in R2(v · ζˆ)2 is
sketched in Figure 4, and can be estimated by Taylor expanding the ion density ni(ψ)
around ψ∗ to find
ni(ψ) ' ni(ψ∗) + mic
Zie
R(v · ζˆ) ∂ni
∂ψ∗
+
m2i c
2
2Z2i e
2
R2(v · ζˆ)2∂
2ni
∂ψ2∗
. (284)
Averaging over this equation and substracting the density before increasing R2(v · ζˆ)2
from the density after increasing it, we obtain the change in ion density
∆ni =
m2i c
2
2Z2i e
2
∆[R2(v · ζˆ)2]∂
2ni
∂ψ2
, (285)
where ∆[R2(v · ζˆ)2] is the increase in R2(v · ζˆ)2 (recall that we are assuming ∆[Rv · ζˆ] =
0). The electrons have orbits with a much smaller radial width, so the equivalent change
in electron density, ∆ne, is negligible, and as a result, we have a charge imbalance Z∆ni.
A radial electric field is set up to compensate this charge imbalance. Considering the
polarization of the plasma due to ion drift orbits, of width (B/Bp)ρi, we find that the
radial electric field ∇ψ(∂φ0/∂ψ) produces a polarization ion density [67, 68] of order
ni,p ∼ −nimiR
2c2
Zie
∂2φ0
∂ψ2
. (286)
By balancing ni,p with ∆ni and taking a time derivative we find
− ∂
∂t
(
nimiR
2c
∂φ0
∂ψ
)
∼ ∂
∂ψ
[
mic
2Zie
∂
∂t
(nimiR2(v · ζˆ)2)
]
. (287)
By identifying the time derivative of c(∂φ0/∂ψ) with the time derivative of Ωζ , we can
identify
ΠFOW0 ∼ −
mic
2Zie
∂
∂t
(nimiR2(v · ζˆ)2) (288)
with a piece of the momentum flux. Here the time derivative of nimiR2(v · ζˆ)2 can be
due to turbulence, collisional energy exchange between ions and electrons, or energy
injection. This is not meant to be a rigorous derivation, but just a physical picture
to indicate how finite orbit widths affect momentum transport. Note that expressions
(263), (264) and (265) are more complicated than (288). The more complex formulas
(263), (264) and (265) are the result of being more careful with the derivation and taking
into account that Ωζ is not only −c(∂φ0/∂ψ).
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Figure 4. Sketch of the effect of finite orbit widths on quasineutrality, and
consequently, on rotation. The left graph gives the ion and electron density profile
before increasing the average particle orbit width. The right graph gives the ion
density (solid line) and the electron density (dashed line) after the average particle
orbit width has been increased, and the radial electric field E set up due to the charge
difference.
10. Conclusions
We have obtained the equations for the evolution of intrinsic rotation in conventional
tokamaks by exploiting the smallness of the poloidal magnetic field with respect to
the total magnetic field, Bp/B  1. The momentum redistribution that leads to
intrinsic rotation is most difficult to calculate in an up-down symmetric tokamak, in
which the momentum flux is zero to lowest order in ρ∗ due to a symmetry of the
turbulent fluctuations. In this case, the turbulent momentum flux, and consequently
the distribution function and the electrostatic potential, are needed to a higher order in
ρ∗ than is usual in gyrokinetics. The full higher order equations are difficult to implement
in a code, and have been simplified by expanding in Bp/B  1. This expansion had
been attempted before in [32, 33], but in these articles, the turbulence was assumed
to have characteristic perpendicular lengths of the order of the ion gyroradius. In
this article, we have allowed turbulence with characteristic lengths of the order of the
poloidal gyroradius, that is, with perpendicular wavelengths of the order of (B/Bp)ρi.
The final equations for the higher order pieces are given in section 8. In [32, 33], for
gyroradius scale turbulence, we found that the momentum flux was mostly driven by
the effect of the neoclassical corrections on the turbulence, and by finite orbit widths.
This conclusion is confirmed here, but in addition, we find that for poloidal gyroradius
scale turbulence, we have some new intrinsic rotation drives: the slow variation of the
turbulence characteristics, and turbulent acceleration. These effects must be retained
for ion poloidal gyroradius turbulence. In section 9, all these drives are discussed in
detail.
The equations of section 8 are written for flux tube simulations. Unlike previous
flux tube gyrokinetic equations, they capture the effect of the slow radial variation of
the density and temperature gradients. This effect is contained in the second order
piece f tb
s2,grad
that depends on the slow radial derivatives ∂f tb
s1
/∂ψ and ∂φtb
1
/∂ψ. These
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derivatives can be calculated by integrating equations (251) and (252).
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Appendix A. Calculation of φ and φ˜
We can evaluate part of φ, defined in (62), by Taylor expanding the long wavelength
pieces of φ(r, t) around R to find
φlw(r, t) = φ0(R, t) + φ
lw
1 (R, t) + ρ · ∇Rφ0(R, t) + φlw2 (R, t) + ρ · ∇Rφlw1 (R, t)
+
1
2
ρρ : ∇R∇Rφ0(R, t) +O
(
ρ3∗
Te
e
)
. (A.1)
Then, it is clear that φ
lw
= (2pi)−1
∫ 2pi
0
dϕφlw gives (65) with
φ
lw
2 = φ
lw
2 +
µB
2Ω2s
(
↔
I −bˆbˆ) : ∇R∇Rφ0, (A.2)
where we have used 〈ρρ〉 = (µB/Ω2s)(
↔
I −bˆbˆ). Note that the arguments of the functions
φ0, φ
lw
1 and φ
lw
2 are given by φ0 = φ0(R, t), φ
lw
1 = φ
lw
1 (R, t) and φ
lw
2 = φ
lw
2 (R, t).
Similarly, we can Taylor expand φtb(r, t) in (42) to find
φtb(r, t) =
∑
kψ ,kα
(
φtb
1
+ φtb
2
+
i
2
ρρ : ∇Rk⊥ φtb1 + ρ · ∇Rφtb1
)
exp(ik⊥ · ρ)
× exp(ikψψ(R) + ikαα(R)) +O
(
ρ3∗
Te
e
)
, (A.3)
where the arguments of the functions φtb
1
and φtb
2
are given by φtb
1
=
φtb
1
(kψ, kα, ψ(R), θ(R), t) and φ
tb
2
= φtb
2
(kψ, kα, ψ(R), θ(R), t). The gradients ∇Rk⊥ and
∇Rφtb1 indicate derivatives with respect to the slow variables ψ(R) and θ(R). According
to (A.3), φ
tb
= (2pi)−1
∫ 2pi
0
dϕφtb is given by (66) with
φ
tb
2
= J0(Λs)φ
tb
2
+
2J1(Λs)
Λs
iµB
2Ω2s
(↔
I −bˆbˆ
)
: ∇Rk⊥ φtb1
−G(Λs)ik⊥µ
2B2
4Ω4s
k⊥ · ∇Rk⊥ φtb1 +
2J1(Λs)
Λs
iµB
Ω2s
k⊥ · ∇Rφtb1 , (A.4)
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where
G(Λs) =
8J1(Λs)− 4Λs(J0(Λs)− J2(Λs))
Λ3s
(A.5)
is defined such that G→ 1 for Λs → 0, and Λs is defined in (69). Here we have used
1
2pi
∫ 2pi
0
dϕ exp(ik⊥ · ρ) = J0(Λs), (A.6)
1
2pi
∫ 2pi
0
dϕρ exp(ik⊥ · ρ) = 2J1(Λs)
Λs
ik⊥µB
Ω2s
(A.7)
and
1
2pi
∫ 2pi
0
dϕρρ exp(ik⊥ · ρ) = 2J1(Λs)
Λs
µB
Ω2s
(↔
I −bˆbˆ
)
−G(Λs)µ
2B2
2Ω4s
k⊥k⊥. (A.8)
The function φ˜lw will be needed in {r,v} coordinates. We Taylor expand (65)
around r and µ0, and we subtract the result from φ
lw to find
φ˜lw(r,v, t) = φlw − φlw = − 1
Ωs
(v × bˆ) · ∇φ0 − 1
Ωs
(v × bˆ) · ∇φlw1
− 1
2Ω2s
[
(v × bˆ)(v × bˆ) + v
2
⊥
2
(
↔
I −bˆbˆ)
]
: ∇∇φ0 −R2 · ∇φ0
+O
(
ρ3∗
Te
e
)
, (A.9)
where the arguments of the functions φ0, φ
lw
1 and φ
lw
2 are given by φ0 = φ0(r, t),
φlw1 = φ
lw
1 (r, t) and φ
lw
2 = φ
lw
2 (r, t). We need φ˜
tb in {r,v} coordinates as well. We
Taylor expand (66) around r and µ0, and then we subtract the result from φ
tb to find
φ˜tb(r,v, t) = φtb − φtb =
∑
kψ ,kα
{(
1− J0(λs) exp
(
ik⊥ · (v × bˆ)
Ωs
))
(φtb
1
+ φtb
2
)
+
[(
v⊥
√
B
Ω2s
(v × bˆ) · ∇
(
k⊥√
B
)
+
k⊥mscµ1
Zsev⊥
)
J1(λs)φ
tb
1
−iJ0(λs)
(
k⊥ ·R2 + 1
2Ω2s
(v × bˆ)(v × bˆ) : ∇k⊥
)
φtb
1
−J0(λs)
Ωs
(v × bˆ) · ∇φtb
1
− 2J1(λs)
λs
iv2⊥
4Ω2s
(↔
I −bˆbˆ
)
: ∇k⊥ φtb1
+G(λs)
ik⊥v4⊥
16Ω4s
k⊥ · ∇k⊥ φtb1 −
2J1(λs)
λs
iv2⊥
2Ω2s
k⊥ · ∇φtb1
]
× exp
(
ik⊥ · (v × bˆ)
Ωs
)}
exp(ikψψ(r) + ikαα(r)) +O
(
ρ3∗
Te
e
)
, (A.10)
where we have Taylor expanded Λs(R, µ) around r and µ0 to obtain
J0(Λs) ' J0(λs)− J1(λs)
(
1
Ωs
(v × bˆ) · ∇λs(r, µ0) + µ1 ∂λs
∂µ0
(r, µ0)
)
= J0(λs)− J1(λs)
(
v⊥
√
B
Ω2s
(v × bˆ) · ∇
(
k⊥√
B
)
+
k⊥mscµ1
Zsev⊥
)
. (A.11)
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The arguments of the functions φtb
1
and φtb
2
are given by φtb
1
= φtb
1
(kψ, kα, ψ(r), θ(r), t)
and φtb
2
= φtb
2
(kψ, kα, ψ(r), θ(r), t).
From (A.9) and (A.10), we can deduce the long wavelength and short wavelength
components of φ˜,
φ˜ = [φ˜]lw + [φ˜]tb. (A.12)
The long wavelength component of φ˜ does not coincide with φ˜lw because R2 and µ1
depend on the electrostatic potential and hence have turbulent components. We find
that the long wavelength piece is
[φ˜]lw = [φ˜]lw1 + [φ˜]
lw
2 , (A.13)
with
[φ˜]lw1 = −
1
Ωs
(v × bˆ) · ∇φ0 (A.14)
and
[φ˜]lw2 = −
1
Ωs
(v × bˆ) · ∇φlw1 −
1
2Ω2s
[
(v × bˆ)(v × bˆ) + v
2
⊥
2
(
↔
I −bˆbˆ)
]
: ∇∇φ0
−Rlw2 · ∇φ0 +
∑
kψ ,kα
[(
k⊥mscJ1(λs)
Zsev⊥
(µtb
1
)∗ − ik⊥ · (Rtb2 )∗J0(λs)
)
× exp
(
ik⊥ · (v × bˆ)
Ωs
)]
φtb
1
. (A.15)
Here Rlw2 is the long wavelength piece of R2, and µ
tb
1
and Rtb2 are the Fourier coefficients
of the turbulent pieces of µ1 and R2. The function φ˜(r,v, t) also has short wavelength
components,
[φ˜]tb =
∑
kψ ,kα
([φ˜]
tb
1
+ [φ˜]
tb
2
) exp(ikψψ(r) + ikαα(r)), (A.16)
with
[φ˜]
tb
1
=
(
1− J0(λs) exp
(
ik⊥ · (v × bˆ)
Ωs
))
φtb
1
(A.17)
and
[φ˜]
tb
2
=
(
1− J0(λs) exp
(
ik⊥ · (v × bˆ)
Ωs
))
φtb
2
−Rtb2 · ∇φ0
+
[(
v⊥
√
B
Ω2s
(v × bˆ) · ∇
(
k⊥√
B
)
+
k⊥mscµlw1
Zsev⊥
)
J1(λs)φ
tb
1
−iJ0(λs)
(
k⊥ ·Rlw2 +
1
2Ω2s
(v × bˆ)(v × bˆ) : ∇k⊥
)
φtb
1
−J0(λs)
Ωs
(v × bˆ) · ∇φtb
1
− 2J1(λs)
λs
iv2⊥
4Ω2s
(↔
I −bˆbˆ
)
: ∇k⊥ φtb1
+G(λs)
ik⊥v4⊥
16Ω4s
k⊥ · ∇k⊥ φtb1 −
2J1(λs)
λs
iv2⊥
2Ω2s
k⊥ · ∇φtb1
]
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× exp
(
ik⊥ · (v × bˆ)
Ωs
)
+
∑
k′ψ ,k′α
[
k′⊥mscJ1(λ
′
s)
Zsev⊥
(µtb
1
)′′
−ik′⊥ · (Rtb2 )′′J0(λ′s)
]
exp
(
ik′⊥ · (v × bˆ)
Ωs
)
(φtb
1
)′, (A.18)
where the prime ′ indicates that the term depends on k′ψ and k
′
α, and the double prime
′′ that it depends on k′′ψ = kψ − k′ψ and k′′α = kα − k′α. Here µlw1 is the long wavelength
piece of µ1.
Appendix B. Distribution functions written in {r,v} variables
To express the distribution functions as functions of {r,v}, we Taylor expand them
around r, v||, µ0 and ϕ0. We find
f lws = fMs + f
lw
s1 +
1
Ωs
(v × bˆ) · ∇fMs + u1∂fMs
∂v||
+ µ1
∂fMs
∂µ0
+ f lws2
+
1
2Ω2s
(v × bˆ)(v × bˆ) : ∇∇fMs + u
2
1
2
∂2fMs
∂v2||
+
µ21
2
∂2fMs
∂µ20
+
u1
Ωs
(v × bˆ) · ∇
(
∂fMs
∂v||
)
+
µ1
Ωs
(v × bˆ) · ∇
(
∂fMs
∂µ0
)
+ u1µ1
∂2fMs
∂v||∂µ0
+R2 · ∇fMs + u2∂fMs
∂v||
+ µ2
∂fMs
∂µ0
+
1
Ωs
(v × bˆ) · ∇f lws1 + u1
∂f lws1
∂v||
+µ1
∂f lws1
∂µ0
+O(ρ3∗fMs) (B.1)
and
f tbs =
∑
kψ ,kα
[
f tb
s1
+ f tb
s2
+ i
(
k⊥ ·R2 + 1
2Ω2s
(v × bˆ)(v × bˆ) : ∇k⊥
)
f lw
s1
+
1
Ωs
(v × bˆ) · ∇f tb
s1
+ u1
∂f tb
s1
∂v||
+ µ1
∂f tb
s1
∂µ0
]
× exp
(
ik⊥ · (v × bˆ)
Ωs
)
exp(ikψψ(r) + ikαα(r)) +O(ρ
3
∗fMs), (B.2)
where the arguments of the functions fMs, f
lw
s1 , f
lw
s2 , f
tb
s1
and f tb
s2
are given by
fMs(r, v||, µ0, t), f lws1 (r, v||, µ0, t), f
lw
s2 (r, v||, µ0, ϕ0, t), f
tb
s1
(kψ, kα, ψ(r), θ(r), v||, µ0, t) and
f tb
s2
(kψ, kα, ψ(r), θ(r), v||, µ0, ϕ0, t).
It is useful to split the functions fs(r,v, t) into long wavelength and turbulent pieces
in the {r,v} variables. The long wavelength and the turbulent components of fs written
in {r,v} are given in (93) and (94), respectively. To calculate the first order pieces of
(93) and (94), given in (95) and (96), we have used the definitions of u1 and µ1 in (59)
and (60), and we have employed (A.13) and (A.16) to rewrite φ˜ in a more convenient
form. Note that
u1 = u
lw
1 , (B.3)
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and that according to (60), (A.14) and (A.17), µlw1 and µ
tb
1
are given by
µlw1 = −
c
B2
(v × bˆ) · ∇φ0 − v
2
⊥
2B2Ωs
(v × bˆ) · ∇B − v
2
||
BΩs
bˆ · ∇bˆ · (v × bˆ)
− v||
4BΩs
[v⊥(v × bˆ) + (v × bˆ)v⊥] : ∇bˆ− v||v
2
⊥
2BΩs
bˆ · ∇ × bˆ. (B.4)
and
µtb
1
=
Zse
msB
(
1− J0(λs) exp
(
ik⊥ · (v × bˆ)
Ωs
))
φtb
1
. (B.5)
To obtain the second order pieces in (100) and (101), we have employed again
(A.13) and (A.16) to write φ˜ explicitly. To write (100) and (101) in a compact form, we
have defined the functions
∆f lws2 =
ZsefMs
Ts
[
1
Ωs
(v × bˆ) · ∇φlw1 +
1
2Ω2s
(
(v × bˆ)(v × bˆ) + v
2
⊥
2
(
↔
I −bˆbˆ)
)
: ∇∇φ0
+Rlw2 · ∇φ0
]
+
1
2Ω2s
(v × bˆ)(v × bˆ) : ∇∇fMs + u
2
1
2
∂2fMs
∂v2||
+
(µlw1 )
2
2
∂2fMs
∂µ20
+
u1
Ωs
(v × bˆ) · ∇
(
∂fMs
∂v||
)
+
µlw1
Ωs
(v × bˆ) · ∇
(
∂fMs
∂µ0
)
+u1µ
lw
1
∂2fMs
∂v||∂µ0
+ Rlw2 · ∇fMs + ulw2
∂fMs
∂v||
+ µlw2
∂fMs
∂µ0
+
1
Ωs
(v × bˆ) · ∇f lws1 + u1
∂f lws1
∂v||
+ µlw1
∂f lws1
∂µ0
+
∑
kψ ,kα
{
1
2
|µtb
1
|2∂
2fMs
∂µ20
+
[(
ik⊥ · (Rtb2 )∗ + (µtb1 )∗
∂
∂µ0
)
f tb
s1
−ZsefMs
Ts
(
k⊥mscJ1(λs)
Zsev⊥
(µtb
1
)∗ − ik⊥ · (Rtb2 )∗J0(λs)
)
φtb
1
]
× exp
(
ik⊥ · (v × bˆ)
Ωs
)}
(B.6)
and
∆f tb
s2
= µlw1 µ
tb
1
∂2fMs
∂µ20
+
µtb
1
Ωs
(v × bˆ) · ∇
(
∂fMs
∂µ0
)
+ u1µ
tb
1
∂2fMs
∂v||∂µ0
+ Rtb2 · ∇fMs
+utb2
∂fMs
∂v||
+ µtb
2
∂fMs
∂µ0
+ µtb
1
∂f lws1
∂µ0
+
[
i
(
k⊥ ·Rlw2 +
1
2Ω2s
(v × bˆ)(v × bˆ) : ∇k⊥
)
f tb
s1
+
1
Ωs
(v × bˆ) · ∇f tb
s1
+ u1
∂f tb
s1
∂v||
+ µlw1
∂f tb
s1
∂µ0
]
exp
(
ik⊥ · (v × bˆ)
Ωs
)
−Zse
Ts
{(
1− J0(λs) exp
(
ik⊥ · (v × bˆ)
Ωs
))
φtb
2
−Rtb2 · ∇φ0
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+
[(
v⊥
√
B
Ω2s
(v × bˆ) · ∇
(
k⊥√
B
)
+
k⊥mscµlw1
Zsev⊥
)
J1(λs)φ
tb
1
−iJ0(λs)
(
k⊥ ·Rlw2 +
1
2Ω2s
(v × bˆ)(v × bˆ) : ∇k⊥
)
φtb
1
−J0(λs)
Ωs
(v × bˆ) · ∇φtb
1
− 2J1(λs)
λs
iv2⊥
4Ω2s
(↔
I −bˆbˆ
)
: ∇k⊥ φtb1
+G(λs)
ik⊥v4⊥
16Ω4s
k⊥ · ∇k⊥ φtb1 −
2J1(λs)
λs
iv2⊥
2Ω2s
k⊥ · ∇φtb1
]
× exp
(
ik⊥ · (v × bˆ)
Ωs
)}
fMs +
∑
k′ψ ,k′α
{
1
2
(µtb
1
)′′(µtb
1
)′
∂2fMs
∂µ20
+
[(
ik′⊥ · (Rtb2 )′′ + (µtb1 )′′
∂
∂µ0
)
(f tb
s1
)′
−ZsefMs
Ts
(
k′⊥mscJ1(λ
′
s)
Zsev⊥
(µtb
1
)′′ − ik′⊥ · (Rtb2 )′′J0(λ′s)
)
(φtb
1
)′
]
× exp
(
ik′⊥ · (v × bˆ)
Ωs
)}
. (B.7)
Here ulw2 and µ
lw
2 are the long wavelength pieces of u2 and µ2, and u
tb
2 and µ
tb
2
are the
Fourier coefficients of the turbulent pieces of u2 and µ2. The prime
′ indicates that the
term depends on k′ψ and k
′
α, and the double prime
′′ that it depends on k′′ψ = kψ − k′ψ
and k′′α = kα − k′α.
Appendix C. Derivation of the form of Π in (102)
We proceed to take moments of (1) to find expression (102). First, we take the moment
(m2sc/2Zse)R
2(v · ζˆ)2 to find
Rms
∫
d3v fs(v · ζˆ) (v · ∇ψ) = ∂
∂t
[
R2m2sc
2Zse
∫
d3v fs(v · ζˆ)2
]
+∇ ·
[
R2m2sc
2Zse
∫
d3v fsv(v · ζˆ)2
]
+Rmsc
∂φ
∂ζ
∫
d3v fs(v · ζˆ)
−R
2m2sc
2Zse
∫
d3v
∑
s′
Css′ [fs, fs′ ](v · ζˆ)2 − R
2m2sc
2Zse
∫
d3v Qs(v · ζˆ)2, (C.1)
where we have used that RB × ζˆ = ∇ψ and that ∇(Rζˆ) = ∇Rζˆ − ζˆ∇R is an
antisymmetric tensor. The term on the left side of (C.1) comes from integrating by
parts (m2sc/2Zse)R
2(v · ζˆ)2(Zse/msc)(v ×B) · ∇vfs. Flux surface averaging (C.1) (see
(12)), summing over species and coarse grain averaging, we find a new expression for Π,
Π =
∂
∂t
〈〈∑
s
R2m2sc
2Zse
∫
d3v fs(v · ζˆ)2
〉
ψ
〉
T
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+
1
V ′
∂
∂ψ
V ′〈〈∑
s
R2m2sc
2Zse
∫
d3v fs(v · ζˆ)2 (v · ∇ψ)
〉
ψ
〉
T

+
〈〈∑
s
Rmsc
∂φ
∂ζ
∫
d3v fs(v · ζˆ)
〉
ψ
〉
T
−
〈〈∑
s,s′
R2m2sc
2Zse
∫
d3v Css′ [fs, fs′ ](v · ζˆ)2
〉
ψ
〉
T
−
〈〈∑
s
R2m2sc
2Zse
∫
d3v Qs(v · ζˆ)2
〉
ψ
〉
T
. (C.2)
We apply the ordering assumptions in section 3 to (C.2). Here we assume that
R ∼ a and B ∼ Bp. The expansion in Bp/B  1 is treated as a subsidiary expansion
in sections 7 and 8. From (35), (38), (48) and (50), we find that
c
∂φ
∂ζ
= cRζˆ · ∇φtb ' − c
B
∇⊥φtb · (bˆ×∇ψ) ∼ ρ∗vti|∇ψ|, (C.3)
where we have neglected bˆ · ∇φtb because of (50), and we have used (157). To simplify
the terms with collision operators, we use that fs is to lowest order a Maxwellian with
a temperature consistent with the rest of the species and its mass (see (25) and (29)
and the discussion around them), and that we have ordered the collision frequencies
according to (27) and (28), giving
〈Css′ [fs, fs′ ]〉T = C(`)ss′
[
[fs]
lw
1 ; [fs′ ]
lw
1
]
+ C
(`)
ss′
[
[fs]
lw
2 ; [fs′ ]
lw
2
]
+ Css′
[
[f lws ]1, [fs′ ]
lw
1
]
+
〈∑
kψ ,kα
Css′
[
([fs]
tb
1
)∗, [fs′ ]
tb
1
]〉
t
+O
(vts
a
ρ3∗fMs
)
. (C.4)
for s′ 6= e. The pieces of the distribution function [fs]lw1 , [fs]tb1 and [fs]lw2 are defined in
(95), (96) and (100). The ion-electron and impurity-electron collision operators are an
exception to (C.4) due to our assumption (30). Following Appendix D, the ion-electron
and impurity-electron collision operators simplify to (145). Finally, after coarse grain
averaging, the time derivatives are of order of the inverse of the transport time scale,
giving
∂
∂t
∼ 1
τE
∼ ρ2∗
vti
a
. (C.5)
Then, to find the contribution of the first term of the right side of (C.2) to order
ρ3∗pR|∇ψ|, it is sufficient to use the Maxwellian, fs ' fMs. For the third and fourth
terms on the right side of (C.2), we need the distribution functions to second order.
With these considerations, we obtain
Π = Π−1 +
∂
∂t
(∑
s 6=e
〈R2〉ψmscps
2Zse
)
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+
1
V ′
∂
∂ψ
V ′〈〈∑
s 6=e
R2m2sc
2Zse
∫
d3v fs(v · ζˆ)2 (v · ∇ψ)
〉
ψ
〉
T

−
〈〈∑
s 6=e
∑
kψ ,kα
Rmscikα(φ
tb
1
)∗
∫
d3v [fs]
tb
2
(v · ζˆ)
〉
ψ
〉
t
−
〈〈∑
s 6=e
∑
kψ ,kα
Rmscikα(φ
tb
2
)∗
∫
d3v [fs]
tb
1
(v · ζˆ)
〉
ψ
〉
t
−
〈 ∑
s 6=e,s′ 6=e
R2m2sc
2Zse
∫
d3v C
(`)
ss′
[
[fs]
lw
2 ; [fs′ ]
lw
2
]
(v · ζˆ)2
〉
ψ
−
〈 ∑
s6=e,s′ 6=e
R2m2sc
2Zse
∫
d3v Css′
[
[fs]
lw
1 , [fs′ ]
lw
1
]
(v · ζˆ)2
〉
ψ
−
〈 ∑
s6=e,s′ 6=e
R2m2sc
2Zse
∫
d3v
〈∑
kψ ,kα
Css′
[
([fs]
tb
1
)∗, [fs′ ]
tb
1
]〉
t
(v · ζˆ)2
〉
ψ
−
∑
s 6=e
〈R2〉ψmec
Zse
neνes(Te − Ts)−
〈∑
s 6=e
R2m2sc
2Zse
∫
d3v Qs(v · ζˆ)2
〉
ψ
, (C.6)
where we have used (145) to write
∫
d3v Cse[fs, fe](v · ζˆ)2 ' 2nemeνes(Te − Ti)/m2s for
s 6= e, and we have dropped many of the terms having to do with electrons because√
me/mi  1 (recall (75) and (78)). The piece Π−1 is defined in (103).
The third term on the right side of (C.6) can be written in a more convenient
form employing another moment of equation (1). Multiplying equation (1) by
(m3sc
2/6Z2e2)R3(v · ζˆ)3, integrating over velocity space, flux surface averaging, coarse
grain averaging and summing over species, we find〈〈∑
s
R2m2sc
2Zse
∫
d3v fs(v · ζˆ)2 (v · ∇ψ)
〉
ψ
〉
T
=
∂
∂t
〈〈∑
s
R3m3sc
2
6Z2s e
2
∫
d3v fs(v · ζˆ)3
〉
ψ
〉
T

+
1
V ′
∂
∂ψ
V ′〈〈∑
s
R3m3sc
2
6Z2s e
2
∫
d3v fs(v · ζˆ)3 (v · ∇ψ)
〉
ψ
〉
T

+
〈〈∑
s
R2m2sc
2
2Zse
∂φ
∂ζ
∫
d3v fs(v · ζˆ)2
〉
ψ
〉
T
−
〈〈∑
s,s′
R3m3sc
2
6Z2s e
2
∫
d3v Css′ [fs, fs′ ](v · ζˆ)3
〉
ψ
〉
T
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−
〈〈∑
s
R3m3sc
2
6Z2s e
2
∫
d3v Qs(v · ζˆ)3
〉
ψ
〉
T
. (C.7)
Using (C.5) and (31), we see that the first and fifth terms on the right side of (C.7) are
negligible. Finally, using (C.3), (C.4) and (145), we find that only first order corrections
are needed to find the third and fourth terms up to order ρ3∗paR|∇ψ|2. Then,〈〈∑
s
R2m2sc
2Zse
∫
d3v fs(v · ζˆ)2 (v · ∇ψ)
〉
ψ
〉
T
= −
〈〈∑
s6=e
∑
kψ ,kα
R2m2sc
2
2Zse
ikα(φ
tb
1
)∗
∫
d3v [fs]
tb
1
(v · ζˆ)2
〉
ψ
〉
t
−
〈 ∑
s 6=e,s′ 6=e
R3m3sc
2
6Z2s e
2
∫
d3v C
(`)
ss′
[
[fs]
lw
1 ; [fs′ ]
lw
1
]
(v · ζˆ)3
〉
ψ
. (C.8)
Here we have also neglected the second term on the right side of (C.7) because it is
negligible compared to ρ3∗paR|∇ψ|2, the size needed for the left side of (C.7) to give
a contribution comparable to the other terms in (C.6). Indeed, multiplying (1) by
(m4sc
3/24Z3s e
3)R4(v · ζˆ)4, integrating over velocity space, flux surface averaging, coarse
grain averaging and summing over species, we find〈〈∑
s
R3m3sc
2
6Z2s e
2
∫
d3v fs(v · ζˆ)3 (v · ∇ψ)
〉
ψ
〉
T
=
∂
∂t
〈〈∑
s
R4m4sc
3
24Z3s e
3
∫
d3v fs(v · ζˆ)4
〉
ψ
〉
T

+
1
V ′
∂
∂ψ
V ′〈〈∑
s
R4m4sc
3
24Z3s e
3
∫
d3v fs(v · ζˆ)4 (v · ∇ψ)
〉
ψ
〉
T

+
〈〈∑
s
R3m3sc
3
6Z2s e
2
∂φ
∂ζ
∫
d3v fs(v · ζˆ)3
〉
ψ
〉
T
−
〈〈∑
s,s′
R4m4sc
3
24Z3s e
3
∫
d3v Css′ [fs, fs′ ](v · ζˆ)4
〉
ψ
〉
T
−
〈〈∑
s
R4m4sc
3
24Z3s e
3
∫
d3v Qs(v · ζˆ)4
〉
ψ
〉
T
. (C.9)
Using (C.5) and (31), we see that the first and fifth terms on the right side of (C.7) are
negligible. Using (C.3), (C.4) and (145), we find that the third and fourth terms are
also negligible. The second term in (C.9) vanishes to lowest order because fs ' fMs is
sufficient to evaluate this term to order ρ3∗pa
2R|∇ψ|3.
Substituting (C.8) into (C.6), we finally obtain (102).
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Appendix D. Ion-electron and impurity-electron collision operators
In this Appendix, we simplify the operator for collisions between species s and electrons,
Cse[fs, fe] =
γes
ms
∇v ·
[∫
d3v′∇w∇ww ·
(
fe(v
′)
ms
∇vfs(v)− fs(v)
me
∇v′fe(v′)
)]
, (D.1)
using assumptions (30), (75) and (78). We expand (D.1) to first order in
√
me/mi.
Since v′ ∼ vte  v ∼ vts,
∇w∇ww = ∇v′∇v′v′ − v · ∇v′∇v′∇v′v′ +O
(
me
ms
1
vte
)
. (D.2)
Using this result, fs ' fMs and the notation ge = fe − fMe  fMe, equation (D.1)
simplifies to
Cse[fs, fe] ' γes
ms
∇v ·
[ ∫
d3v′∇v′∇v′v′ ·
(
fMe(v
′)
ms
∇vfMs(v)− fMs(v)
me
∇v′ge(v′)
)
+
∫
d3v′
fMs(v)
me
v · ∇v′∇v′∇v′v′ · ∇v′fMe(v′)
]
, (D.3)
where we have already employed
∇vfMs(v) = −msv
Ts
fMs(v) (D.4)
and
v′ · ∇v′∇v′v′ = 0 (D.5)
to cancel one term. Using (D.4) and
v′ · ∇v′∇v′∇v′v′ = ∇v′(v′ · ∇v′∇v′v′)−∇v′∇v′v′ = −∇v′∇v′v′, (D.6)
and integrating by parts the term that contains ge, we obtain
Cse[fs, fe] ' γes
ms
∇v ·
[
fMs(v)
(
1
Te
− 1
Ti
)
v ·
∫
d3v′∇v′∇v′v′fMe(v′)
+
fMs(v)
me
∫
d3v′∇v′∇2v′v′ge(v′)
]
. (D.7)
Using
∇v′∇2v′v′ = −
2v′
(v′)3
(D.8)
and
∫
d3v′∇v′∇v′v′fMe(v′) = (2
√
2/3
√
pi)ne
√
me/Te
↔
I , we find
Cse[fs, fe] '
[
nemeνes
nsms
(
Te
Ts
− 1
)(
msv
2
Ti
− 3
)
+
2γes
meTi
v ·
∫
d3v′ ge(v′)
v′
(v′)3
]
fMs. (D.9)
According to (78), (97) and (98), the largest pieces of ge = fe− fMe that are either odd
in the parallel velocity or are gyrophase dependent are of order (ρe/a)fMe. Then, the
last term in (D.9) is of order νei(me/mi)ρ∗fMs, being much smaller than the first, of
order νei(me/mi)fMs. By neglecting the second term, we finally obtain (145).
Note that the pieces of Cse given in (145) are of order νei(me/mi)fMs ∼ fMs/τE ∼
ρ2∗fMsvti/a (recall (29)), and hence we need not keep higher order terms.
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Appendix E. Electron-ion and electron-impurity collision operators
In this Appendix, we simplify the operator for collisions between electrons and species
s,
Ces[fe, fs] =
γes
me
∇v ·
[∫
d3v′∇w∇ww ·
(
fs(v
′)
me
∇vfe(v)− fe(v)
ms
∇v′fs(v′)
)]
. (E.1)
Defining ge = fe − fMe and gs = fs − fMs, we find that
Ces[fe, fs] = Ces[fMe, fMs] + C
(`)
es [ge; gs] + Ces[ge, gs], (E.2)
where
C(`)es [ge; gs] = Ces[ge, fMs] + Ces[fMe, gs]
=
γes
me
∇v ·
[ ∫
d3v′∇w∇ww ·
(
fMs(v
′)
me
∇vge(v)− v
Te
fMe(v)gs(v
′)
−fMe(v)
ms
∇v′gs(v′) + v
′
Ti
ge(v)fMs(v
′)
)]
. (E.3)
To obtain (E.3) we have used (D.4). The linearized collision operator C
(`)
es [ge; gs] cannot
be obtained from the general formula (106) for the linearlized collision operator between
species s and s′ because to deduce (106) we assumed that Ts = Ts′ . We proceed to
simplify each one of the terms in (E.2) independently.
The collision operator applied on the Maxwellians can be simplified by realizing
that v ∼ vte  v′ ∼ vts. Then,
∇w∇ww = ∇v∇vv − v′ · ∇v∇v∇vv + 1
2
v′v′ : ∇v∇v∇v∇vv +O
[(
me
ms
)3/2
1
vte
]
, (E.4)
Using this result, we find
Ces[fMe, fMs] ' γes
me
∇v ·
[
fMe(v)
∫
d3v′ fMs(v′)
(
− 1
2Te
v′v′ : ∇v∇v∇v∇vv · v
− 1
Ti
v′v′ : ∇v∇v∇vv
)]
, (E.5)
where we have employed (D.4), (D.5) and∫
d3v′ fMs(v′)v′ = 0 (E.6)
to cancel several terms. Using (D.6), we find
∇v∇v∇v∇vv · v = ∇v(∇v∇v∇vv · v)−∇v∇v∇vv = −2∇v∇v∇vv. (E.7)
Employing this result, (D.8), ∇2v∇2vv = −8piδ(v), with δ(v) the Dirac delta function,
and
∫
d3v′ fMs(v′)v′v′ = (nsTi/ms)
↔
I , equation (E.5) finally becomes
Ces[fMe, fMs] ' 3
√
2pi
2
meνes
ms
(
Te
mev2
)3/2(
Ti
Te
− 1
)(
mev
2
Te
− 4piv3δ(v)
)
fMe, (E.8)
where the frequency νes is defined in (107). Note that Ces[fMe, fMs] is of order
νei(me/mi)fMe ∼ fMe/τE ∼ ρ2∗fMevti/L (recall (29)), and hence it is negligible except
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for the very high order piece f lwe2 , which is not relevant for momentum transport as we
explain in subsection 5.3.
The linearized collision operator for collisions between electrons and ions (E.3)
can be simplified using the two lowest order terms in the expansion (E.4), ∇w∇ww '
∇v∇vv−v′ · ∇v∇v∇vv. It may seem that in fact it is sufficient with ∇w∇ww ' ∇v∇vv
because to lowest order in
√
me/ms  1, equation (E.3) is formally
C(`)es [ge; gs] '
γes
m2e
∇v ·
(∫
d3v′ fMs(v′)∇v∇vv · ∇vge(v)
)
, (E.9)
where we have neglected the third and fourth term in (E.3) as small in
√
me/ms, and
we have used (D.5) to eliminate the second term. However, there are pieces of ge/fMe
that are small by
√
me/ms compared to gs/fMs (see the estimate for the piece of ge odd
in u given in (78) and compare it to (74)). To correctly determine these pieces, we have
to go to higher order in
√
me/ms and use ∇w∇ww ' ∇v∇vv − v′ · ∇v∇v∇vv. Then,
equation (E.3) becomes
C(`)es [ge; gs] =
γes
me
∇v ·
(
ns
me
∇v∇vv · ∇vge(v)
+
fMe(v)
Te
v · ∇v∇v∇vv ·
∫
d3v′ gs(v′)v′
)
, (E.10)
where we have used (D.5), (E.6),
∫
d3v′ fMs(v′) = ns and∫
d3v′∇v′gs(v′) = 0 (E.11)
to simplify some terms. Using (D.6) and fMe(v)∇v∇vv = ∇v∇vv · ∇v(vfMe(v)), we
convert (E.10) into (128).
Finally the nonlinear piece Ces[ge, gs] can be simplified using the two lowest order
terms in the expansion (E.4), ∇w∇ww ' ∇v∇vv − v′ · ∇v∇v∇vv. The second term
in the approximation for ∇w∇ww, of higher order in
√
me/mi, is needed for the same
reason that it was needed in the linearized collision operator C
(`)
es [ge; gs]: there are pieces
of ge that are small by
√
me/ms (see the estimate for the piece of ge odd in u in (78)
and compare it to (74)). Using ∇w∇ww ' ∇v∇vv − v′ · ∇v∇v∇vv, we find
Ces[ge, gs] ' γes
me
∇v ·
[ ∫
d3v′
(
gs(v
′)
me
∇v∇vv · ∇vge(v)
−gs(v
′)
me
v′ · ∇v∇v∇vv · ∇vge(v)− ge(v)
ms
∇v∇vv · ∇v′gs(v′)
)]
. (E.12)
Employing (E.11) and
v′ · ∇v∇v∇vv = − 1
v3
(vv′ + v′v)− v · v
′
v5
(v2
↔
I −3vv), (E.13)
we finally obtain
Ces[ge, gs] ' γesns
m2e
∇v ·
[(∫
d3v′ gs(v′)
ns
v2
↔
I −vv
v3
+
vUs + Usv
v3
+
v ·Us
v5
(v2
↔
I −3vv)
)
· ∇vge(v)
]
, (E.14)
Intrinsic rotation in tokamaks: theory 76
where Us is defined in (129).
Appendix F. Collision operators in the gyrokinetic equation
Collision operators are more naturally applied to distribution functions written in {r,v}
coordinates. We use (93) and (94) to write the distribution function in the {r,v}
variables, finding
Css′ [fs, fs′ ] = C
(`)
ss′
[
[fs]
lw
1 ; [fs′ ]
lw
1
]
+ C
(`)
ss′
[
[fs]
lw
2 ; [fs′ ]
lw
2
]
+ Css′
[
[fs]
lw
1 , [fs′ ]
lw
1
]
+Css′ [fMs, fMs′ ] +
∑
kψ ,kα
(
C
(`)
ss′
[
[fs]
tb
1
; [fs′ ]
tb
1
]
+ C
(`)
ss′
[
[fs]
tb
2
; [fs′ ]
tb
2
]
+Css′
[
[fs]
tb
1
, [fs′ ]
lw
1
]
+ Css′
[
[fs]
lw
1 , [fs′ ]
tb
1
]
+
∑
k′ψ ,k′α
Css′
[
([fs]
tb
1
)′, ([fs′ ]
tb
1
)′′
])
exp(ikψψ(r) + ikαα(r)). (F.1)
Here a prime on a Fourier coefficient indicates that it depends on k′ψ and k
′
α, and two
primes that it depends on k′′ψ = kψ− k′ψ and k′′α = kα− k′α. We have kept Css′ [fMs, fMs′ ]
because it can be non-zero for ion-electron, impurity-electron, electron-ion and electron-
impurity collisions (see Appendix D and Appendix E).
Equation (F.1) is written in {r,v} variables, and we need to rewrite it in {R, u, µ, ϕ}
variables. We first rewrite Css′ [fs, fs′ ](r,v) as a function of the variables {r, v||, µ0, ϕ0},
that is, Css′ [fs, fs′ ](r,v) = Css′ [fs, fs′ ](r, v||, µ0, ϕ0). We then invert relations (52)-(55)
to find
r(R, u, µ, ϕ, t) ' R + ρ(R, µ, ϕ) + r2(R, u, µ, ϕ, t), (F.2)
v||(R, u, µ, ϕ, t) ' u+ v||,1(R, u, µ, ϕ, t), (F.3)
µ0(R, u, µ, ϕ, t) ' µ+ µ0,1(R, u, µ, ϕ, t) (F.4)
and
ϕ0(R, u, µ, ϕ, t) ' ϕ+ ϕ0,1(R, u, µ, ϕ, t). (F.5)
The corrections r2, v||,1, µ0,1 and ϕ0,1 are of order (ρs/a)2a, (ρs/a)vts, (ρs/a)v2ts/B
and ρs/a, respectively. Importantly, these corrections remain of this order when the
subsidiary expansion Bp/B  1 is performed in sections 7 and 8 because the corrections
R2, u1, µ1 and ϕ1 in (52), (53), (54) and (55) do not scale with Bp/B in any particular
way.
Using (F.2), (F.3), (F.4) and (F.5), we Taylor expand Css′ [fs, fs′ ](r, v||, µ0, ϕ0)
around R, u, µ and ϕ. We split the result into a long wavelength piece and a turbulent
piece,
Css′ [fs, fs′ ] = C
lw
ss′ +
∑
kψ ,kα
Ctbss′ exp(ikψψ(R) + ikαα(R)). (F.6)
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The long wavelength piece is
C lwss′ = C
(`)
ss′
[
[fs]
lw
1 ; [fs′ ]
lw
1
]
+ C
(`)
ss′
[
f lws2 ; f
lw
s2
]
+ Css′ [fMs, fMs′ ] + C
lw
ss′,2, (F.7)
where
C lwss′,2 =
(
ρ · ∇R + v||,1 ∂
∂u
+ µlw0,1
∂
∂µ
+ ϕlw0,1
∂
∂ϕ
)(
C
(`)
ss′
[
[fs]
lw
1 ; [fs′ ]
lw
1
])
+C
(`)
ss′
[
∆f lws2 ; ∆f
lw
s′2
]
+ Css′
[
[fs]
lw
1 , [fs′ ]
lw
1
]
+
〈 ∑
kψ ,kα
[
Css′
[
([fs]
tb
1
)∗, [fs′ ]
tb
1
]
+
(
ik⊥ · (rtb2 )∗ + (µtb0,1)∗
∂
∂µ
+(ϕtb
0,1
)∗
∂
∂ϕ
)(
C
(`)
ss′
[
[fs]
tb
1
; [fs′ ]
tb
1
])
exp(ik⊥ · ρ)
]〉
t
. (F.8)
From the lowest order pieces of (F.7), we obtain the gyrophase dependent piece f˜ lws2 in
(123) and the collision operator in (127). The gyroaverage of the second order pieces of
(F.7) give the collisional contributions to (144).
The short wavelength piece of the collision operator is
Ctbss′ = C
(`)
ss′
[
[fs]
tb
1
; [fs′ ]
tb
1
]
exp(ik⊥ · ρ) + Ctbss′,2
+C
(`)
ss′
[
f tb
s2
exp
(
ik⊥ · (v × bˆ)
Ωs
)
; f tb
s′2
exp
(
ik⊥ · (v × bˆ)
Ωs′
)]
× exp(ik⊥ · ρ), (F.9)
where
Ctbss′,2 =
[
C
(`)
ss′
[
∆f tb
s2
; ∆f tb
s′2
]
+ Css′
[
[fs]
tb
1
, [fs′ ]
lw
1
]
+ Css′
[
[fs]
lw
1 , [fs′ ]
tb
1
]
+
(
ik⊥ · rlw2 +
i
2
ρρ : ∇Rk⊥ + ρ · ∇Rψ ∂
∂ψ
+ ρ · ∇Rθ ∂
∂θ
+v||,1
∂
∂u
+ µlw0,1
∂
∂µ
+ ϕlw0,1
∂
∂ϕ
)(
C
(`)
ss′
[
[fs]
lw
1 ; [fs′ ]
lw
1
]) ]
exp(ik⊥ · ρ)
+
∑
k′ψ ,k′α
[
Css′
[
([fs]
tb
1
)′, ([fs′ ]
tb
1
)′′
]
exp(ik⊥ · ρ) +
(
ik′⊥ · (rtb2 )′′
+(µtb
0,1
)′′
∂
∂µ
+ (ϕtb
0,1
)′′
∂
∂ϕ
)(
C
(`)
ss′
[
([fs]
tb
1
)′; ([fs′ ]
tb
1
)′
])
exp(ik′⊥ · ρ)
]
. (F.10)
Here a prime on a Fourier coefficient indicates that it depends on k′ψ and k
′
α, and two
primes that it depends on k′′ψ = kψ − k′ψ and k′′α = kα − k′α. The lowest order pieces of
(F.9) determine the gyrophase dependent piece f˜
tb
s2
in (125) and the collisional terms in
(136). The collisional terms in (146) come from the second order pieces of (F.9).
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Appendix G. Derivation of equation (221)
In this Appendix, we derive (221) from (225) following the procedure in Appendix H of
[53]. To rewrite (225), we use the definition of glws1 in (131) and the relations
−
[(
vMs − c
B
∇Rφ0 × bˆ
)
· ∇R − u
Ωs
(bˆ× κ) ·
(
µ∇RB + Zse
ms
∇Rφ0
)
∂
∂u
]
glws1
=
(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
)[
I
Ωs
(
Zse
ms
∂φ0
∂ψ
+ µ
∂B
∂ψ
)
∂glws1
∂u
− Iu
Ωs
∂glws1
∂ψ
]
+bˆ · ∇Rθ ∂
∂ψ
[
1
bˆ · ∇Rθ
Iu
Ωs
(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
)
glws1
]
− ∂
∂u
[
I
Ωs
(
Zse
ms
∂φ0
∂ψ
+ µ
∂B
∂ψ
)(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
)
glws1
]
+
u
Ωs
(bˆ · ∇R × bˆ)
(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
)
glws1 , (G.1)[(
vMs − c
B
∇Rφ0 × bˆ
)
· ∇R − u
Ωs
(bˆ× κ) ·
(
µ∇RB + Zse
ms
∇Rφ0
)
∂
∂u
]
×
(
Zseφ
lw
1
Ts
fMs
)
− Zse
ms
bˆ · ∇Rφlw1
∂
∂u
{
Iu
Ωs
[
1
ps
∂ps
∂ψ
+
Zse
Ts
∂φ0
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
1
Ts
∂Ts
∂ψ
]
fMs
}
+
c
B
(∇Rφlw1 × bˆ) · ∇Rψ
×
[
∂
∂ψ
ln ps +
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
∂
∂ψ
lnTi
]
fMs
−Zse
Ts
vMs · ∇Rφlw1 fMs =
(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
){
Zseφ
lw
1
Ts
×Iu
Ωs
[
1
ps
∂ps
∂ψ
+
Zse
Ts
∂φ0
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 7
2
)
1
Ts
∂Ts
∂ψ
]
fMs
}
, (G.2)
[(
vMs − c
B
∇Rφ0 × bˆ
)
· ∇R − u
Ωs
(bˆ× κ) ·
(
µ∇RB + Zse
ms
∇Rφ0
)
∂
∂u
]
×
{
Iu
Ωs
[
1
ps
∂ps
∂ψ
+
Zse
Ts
∂φ0
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
1
Ts
∂Ts
∂ψ
]
fMs
}
=
(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
){
I2u2
2Ω2s
[
∂2
∂ψ2
ln ps +
Zse
Ts
∂2φ0
∂ψ2
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
∂2
∂ψ2
lnTs − 2Zse
T 2s
∂φ0
∂ψ
∂Ts
∂ψ
−ms(u
2 + 2µB)
2T 3s
(
∂Ts
∂ψ
)2
+
(
1
ps
∂ps
∂ψ
+
Zse
Ts
∂φ0
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
1
Ts
∂Ts
∂ψ
)2]
fMs
}
− u
Ωs
(bˆ · ∇R × bˆ)
(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
)
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×
{
Iu
Ωs
[
1
ps
∂ps
∂ψ
+
Zse
Ts
∂φ0
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
1
Ts
∂Ts
∂ψ
]
fMs
}
, (G.3)
Zse
ms
bˆ · ∇Rφlw1
∂glws1
∂u
=
(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
)(
Zseφ
lw
1
msu
∂glws1
∂u
)
− ∂
∂u
[
Zseφ
lw
1
msu
(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
)
glws1
]
(G.4)
and
− Zse
ms
bˆ · ∇Rφlw1
∂
∂u
(
Zseφ
lw
1
Ts
fMs
)
=
(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
)
×
[
1
2
(
Zseφ
lw
1
Ts
)2
fMs
]
. (G.5)
In equations (G.1) and (G.3), the terms proportional to bˆ ·∇R×bˆ are negligible because
for Bp/B  1, bˆ · ∇R × bˆ ∼ Bp/Ba a−1.
Using equations (G.1)-(G.5), neglecting the terms proportional to bˆ · ∇R × bˆ and
employing (133) to rewrite ubˆ · ∇Rglws1 − µbˆ · ∇RB(∂glws1/∂u) in terms of the collision
operator, we finally obtain (221), with
∆hlws2,nc =
I
Ωs
(
Zse
ms
∂φ0
∂ψ
+ µ
∂B
∂ψ
)
∂glws1
∂u
− Iu
Ωs
∂glws1
∂ψ
+
Zseφ
lw
1
Ts
Iu
Ωs
[
1
ps
∂ps
∂ψ
+
Zse
Ts
∂φ0
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 7
2
)
1
Ts
∂Ts
∂ψ
]
fMs
+
I2u2
2Ω2s
[
∂2
∂ψ2
ln ps +
Zse
Ts
∂2φ0
∂ψ2
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
∂2
∂ψ2
lnTs − 2Zse
T 2s
∂φ0
∂ψ
∂Ts
∂ψ
−ms(u
2 + 2µB)
2T 3s
(
∂Ts
∂ψ
)2
+
(
1
ps
∂ps
∂ψ
+
Zse
Ts
∂φ0
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
1
Ts
∂Ts
∂ψ
)2]
fMs
+
Zseφ
lw
1
msu
∂glws1
∂u
+
(
Zseφ
lw
1
Ts
)2
fMs. (G.6)
Appendix H. Equations in the frame rotating with Ωζ,E
Several gyrokinetic codes solve the gyrokinetic equation in the frame rotating with
velocity Ωζ,E = −c(∂φ0/∂ψ) [48, 49, 50, 51]. We are going to rewrite the equations in
section 8 so that they are valid in the frame rotating with Ωζ,E.
The new parallel velocity in the frame rotating with Ωζ,E is
u− Ωζ,ERζˆ · bˆ = u+ cI
B
∂φ0
∂ψ
. (H.1)
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Using this relation, the long wavelength piece of the distribution function in the
laboratory frame, f lws , can be written in terms of the long wavelength piece of the
distribution function in the rotating frame, fR,lws ,
f lws (ψ(R), θ(R), u, µ, ϕ, t) = f
R,lw
s (ψ(R), θ(R), u+ (cI/B)(∂φ0/∂ψ), µ, ϕ, t). (H.2)
Since in our ordering, (cI/B)(∂φ0/∂ψ) ∼ (B/Bp)ρ∗vti  vti, we can Taylor expand to
find
f lws ' fR,lws +
cI
B
∂φ0
∂ψ
∂fR,lws
∂u
+
1
2
c2I2
B2
(
∂φ0
∂ψ
)2
∂2fR,lws
∂u2
. (H.3)
Using the expansion in (71), we obtain that f lws is to lowest order fMs, and to higher
order,
f lws1 = f
R,lw
s1 −
cI
B
∂φ0
∂ψ
msu
Ts
fMs (H.4)
and
f lws2 = f
R,lw
s2 +
cI
B
∂φ0
∂ψ
∂fR,lws1
∂u
+
ms
2Ts
c2I2
B2
(
∂φ0
∂ψ
)2(
msu
2
Ts
− 1
)
fMs. (H.5)
The long wavelength potential in the rotating frame is
φR,lw = φR,lw1 + φ
R,lw
2 , (H.6)
that is, there is no lowest order potential. The lowest order potential transforms to
zero because −∇φ0 + c−1Ωζ,ERζˆ ×B = 0. The higher order pieces of the potential are
related to the potential in the laboratory frame by
φlw1 = φ
R,lw
1 (H.7)
and
φlw2 = φ
R,lw
2 . (H.8)
The turbulent pieces of the distribution function and the potential in the rotating
frame, φR,tb and fR,tbs , depend on ζ − Ωζ,Et. As a result, we can write them as
φR,tb =
∑
kψ ,kα
φR,tb(kψ, kα, ψ, θ, t) exp(ikψψ + ikα(α− Ωζ,Et)) (H.9)
and
fR,tbs =
∑
kψ ,kα
fR,tb
s
(kψ, kα, ψ, θ, u, µ, ϕ, t) exp(ikψψ+ ikα(α−Ωζ,Et)).(H.10)
Comparing this result with (42) and (83), we find that the turbulent pieces of the
distribution function and the potential in the rotating frame are related to the same
pieces in the laboratory frame by
φtb(kψ, kα, ψ, θ, t) = φ
R,tb(kψ, kα, ψ, θ, t) exp(−ikαΩζ,Et) (H.11)
and
f tb
s
(kψ, kα, ψ, θ, u, µ, ϕ, t) = f
R,tb
s
(kψ, kα, ψ, θ, u+ (cI/B)(∂φ0/∂ψ), µ, ϕ, t)
× exp(−ikαΩζ,Et). (H.12)
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Using the expansions (36) and (72), we find
φtb
1
= φR,tb
1
exp
(
ikαc
∂φ0
∂ψ
t
)
(H.13)
and
φtb
2
= φR,tb
2
exp
(
ikαc
∂φ0
∂ψ
t
)
(H.14)
for the potential, and
f tb
s1
= fR,tb
s1
exp
(
ikαc
∂φ0
∂ψ
t
)
. (H.15)
and
f tb
s2
=
(
fR,tb
s2
+
cI
B
∂φ0
∂ψ
∂fR,tb
s1
∂u
)
exp
(
ikαc
∂φ0
∂ψ
t
)
(H.16)
for the distribution function.
We use all these expressions to find the equations for the distribution function and
the potential in the rotating frame. We give the equations for the long wavelength, first
order pieces in Appendix H.1, the equations for the short wavelength, first order pieces
in Appendix H.2, the equations for the long wavelength, second order pieces in Appendix
H.3 and the equations for the short wavelength, second order pieces in Appendix H.4.
We find the momentum flux in Appendix H.5.
Appendix H.1. Long wavelength, first order equations
Substituting (H.4) and (H.7) into (127) and (130), and using equations (132) and
C
(`)
ss′
[
msu
Ts
fMs;
ms′u
Ts′
fMs′
]
= 0, (H.17)
we find(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
fR,lws1 −
∑
s′
C
(`)
ss′ [f
R,lw
s1 ; f
R,lw
s′1 ] = −vMs · ∇ψ
[
∂
∂ψ
ln ps
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
∂
∂ψ
lnTs
]
fMs − ZsefMs
Ts
ubˆ · ∇Rθ∂φ
R,lw
1
∂θ
(H.18)
and
2pi
∑
s 6=e
Zs
∫
dv|| dµ0Bf
R,lw
s1 =
eφR,lw1
Te
ne. (H.19)
As in subsection 5.1, we define a new function gR,lws1 that is convenient for some
calculations,
gR,lws1 = f
R,lw
s1 +
Iu
Ωs
[
1
ps
∂ps
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
1
Ts
∂Ts
∂ψ
]
fMs +
Zseφ
R,lw
1
Ts
fMs. (H.20)
Note that gR,lws1 = g
lw
s1 and as a result, the equation for g
R,lw
s1 is (133).
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Appendix H.2. Short wavelength, first order equations
Substituting (H.13) and (H.15) into (136) and (139), we find
∂fR,tb
s1
∂t
+
(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
fR,tb
s1
+ ik⊥ · vMsfR,tbs1
−
∑
s′
CGKss′
[
fR,tb
s1
; fR,tb
s′1
]
+ {φR,tb
1
J0(Λs), f
R,tb
s1
}
= −fMs
[
Zse
Ts
(
ubˆ · ∇Rθ ∂
∂θ
+ ik⊥ · vMs
)
+ikαc
(
∂
∂ψ
lnns +
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)]
φR,tb
1
J0(Λs)
+
∑
s′
CGKss′
[
Zseφ
R,tb
1
Ts
J0(λs)fMs;
Zs′eφ
R,tb
1
Ts′
J0(λs′)fMs′
]
(H.21)
and
2pi
∑
s
Zs
∫
dv|| dµ0BJ0(λs)f
R,tb
s1
−
∑
s
Z2s eφ
R,tb
1
Ts
ns(1− Γ0(bs)) = 0. (H.22)
Appendix H.3. Long wavelength, second order equations
As in subsection 8.1, we define the function
hR,lws2 = 〈fR,lws2 〉+
Zseφ
R,lw
2
Ti
fMs (H.23)
for ionic species (s 6= e). Since in subsection 8.1, hlws2 is split into pieces of different
physical origin (see (236)), we do the same for hR,lws2 ,
hR,lws2 = h
R,lw
s2,nc + h
R,lw
s2,tb + h
R,lw
s2,∆T + h
R,lw
s2,Q. (H.24)
We define the different pieces of hR,lws2 in terms of the corresponding pieces in the
laboratory frame using (H.5) and (H.8),
hlws2,nc = h
R,lw
s2,nc +
cI
B
∂φ0
∂ψ
∂fR,lws1
∂u
+
ms
2Ts
c2I2
B2
(
∂φ0
∂ψ
)2(
msu
2
Ts
− 1
)
fMs (H.25)
and
hlws2,β = h
R,lw
s2,β (H.26)
for β = tb,∆T,Q. Substituting these expressions for hlws2,β into (237), and using (H.4),
(H.7), (H.13), (H.15), (H.17),
C
(`)
ss′
[
ms
2Ts
(
msu
2
Ts
− 1
)
fMs;
ms′
2Ts′
(
ms′u
2
Ts′
− 1
)
fMs′
]
+Css′
[
msu
Ts
fMs,
ms′u
Ts′
fMs′
]
= 0 (H.27)
and the expression
C
(`)
ss′
[
∂gs
∂u
;
∂gs′
∂u
]
− Css′
[
gs,
ms′u
Ts′
fMs′
]
− Css′
[
msu
Ts
fMs, gs′
]
=
∂
∂u
(
C
(`)
ss′ [gs; gs′ ]
)
, (H.28)
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valid for any set of functions gs, we find that the equation for h
R,lw
s2,β is (237) with h
lw
s2,β
and F lws2,β replaced by h
R,lw
s2,β and F
R,lw
s2,β . The functions F
R,lw
s2,∆T and F
R,lw
s2,Q are equal to
F lws2,∆T and F
lw
s2,Q, given in (223) and (224), F
R,lw
s2,tb is defined by (222) with f
tb
s1
and φtb
1
replaced by fR,tb
s1
and φR,tb
1
, and
FR,lws2,nc =
(
ubˆ · ∇R − µbˆ · ∇RB ∂
∂u
)
∆hR,lws2,nc
+bˆ · ∇Rθ ∂
∂ψ
[
1
bˆ · ∇Rθ
Iu
Ωs
∑
s′ 6=e
C
(`)
ss′ [f
R,lw
s1 ; f
R,lw
s′1 ]
]
− ∂
∂u
[(
Iµ
Ωs
∂B
∂ψ
+
Zseφ
lw
1
msu
)∑
s′ 6=e
C
(`)
ss′ [f
R,lw
s1 ; f
R,lw
s′1 ]
]
+
∑
s′ 6=e
Css′
[
fR,lws1 , f
R,lw
s′1
]
. (H.29)
In this last equation,
∆hR,lws2,nc = ∆h
lw
s2,nc −
cI
B
∂φ0
∂ψ
∂fR,lws1
∂u
− ms
2Ts
c2I2
B2
(
∂φ0
∂ψ
)2(
msu
2
Ts
− 1
)
fMs =
Iµ
Ωs
∂B
∂ψ
∂gR,lws1
∂u
− Iu
Ωs
∂gR,lws1
∂ψ
+
cI2
BΩs
∂φ0
∂ψ
[
1
ps
∂ps
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
1
Ts
∂Ts
∂ψ
]
fMs
+
Zseφ
R,lw
1
Ts
Iu
Ωs
[
1
ps
∂ps
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 7
2
)
1
Ts
∂Ts
∂ψ
]
fMs
+
I2u2
2Ω2s
[
∂2
∂ψ2
ln ps +
Zse
Ts
∂2φ0
∂ψ2
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
∂2
∂ψ2
lnTs
−ms(u
2 + 2µB)
2T 3s
(
∂Ts
∂ψ
)2
+
(
1
ps
∂ps
∂ψ
+
(
ms(u
2 + 2µB)
2Ts
− 5
2
)
1
Ts
∂Ts
∂ψ
)2]
fMs
+
Zseφ
R,lw
1
msu
∂gR,lws1
∂u
+
(
Zseφ
R,lw
1
Ts
)2
fMs +
ms
2Ts
c2I2
B2
(
∂φ0
∂ψ
)2
fMs. (H.30)
Appendix H.4. Short wavelength, second order equations
In subsection 8.2 we split φtb
2
and 〈f tb
s2
〉 into pieces of different physical origin (see (242)
and (243)). We do the same for φR,tb
2
and 〈fR,lw
s2
〉,
φR,tb
2
= φR,tb
2,nc
+ φR,tb
2,grad
+ φR,tb
2,acc
(H.31)
and
〈fR,tb
s2
〉 = fR,tb
s2,nc
+ fR,tb
s2,grad
+ fR,tb
s2,acc
. (H.32)
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We write the different pieces in terms of the corresponding functions in the laboratory
frame using (H.14) and (H.16),
φtb
2,β
= φR,tb
2,β
exp
(
ikαc
∂φ0
∂ψ
t
)
(H.33)
for β = nc, grad, acc,
f tb
s2,nc
=
(
fR,tb
s2,nc
+
cI
B
∂φ0
∂ψ
∂fR,tb
s1
∂u
)
exp
(
ikαc
∂φ0
∂ψ
t
)
(H.34)
and
f tb
s2,β
= fR,tb
s2,β
exp
(
ikαc
∂φ0
∂ψ
t
)
(H.35)
for β = grad, acc. Substituting these expressions into (244) and (245), we find the
equations for fR,tb
s2,β
and φR,tb
2,β
. When substituting (H.34) into equation (244), we find
a kinetic equation with several unintuitive terms that contain ∂f tb
s1
/∂u. To eliminate
these terms, we use
(Equation (244) for β = nc)− cI
B
∂φ0
∂ψ
∂
∂u
(Equation (136)) = 0, (H.36)
where equation (136) is taken in the limit Bp/B  1 with k⊥ρi ∼ Bp/B. We also use
(H.4), (H.7), (H.13), (H.15), (H.28), and the approximation
∇
(
I
B
)
' ∇R ' −Rκ (H.37)
valid for Bp/B  1.
The equations for fR,tb
s2,β
are equations (244) and (245) with f tb
s2,β
, φtb
2,β
, F tbs2,β and
∆ntbs2,β replaced by f
R,tb
s2,β
, φR,tb
2,β
, FR,tbs2,β and ∆n
R,tb
s2,β . The function F
tb
s2,acc is (248) with f
tb
s1
and φtb
1
replaced by fR,tb
s1
and φR,tb
1
. The functions FR,tbs2,nc and F
R,tb
s2,grad are
FR,tbs2,nc =
[
c
B
(ik⊥ × bˆ) · ∇RfR,lws1 +
Zse
ms
∂fR,lws1
∂u
(
bˆ · ∇Rθ ∂
∂θ
+
u
Ωs
ik⊥ · (bˆ× κ)
)
−fMs
(
Zse
Ts
ik⊥ · vCo,s + ikαc∂Ωζ,E
∂ψ
I
B
msu
Ts
)]
φR,tb
1
J0(Λs)
−ik⊥ ·
(
vCo,s − c
B
∇RφR,lw1 × bˆ
)
fR,tb
s1
+
[
Zse
ms
bˆ · ∇RφR,lw1 +
uµ
Ωs
(bˆ× κ) · ∇RB
]
∂fR,tb
s1
∂u
+
∑
s′
(
Css′
[
fR,tb
s1
, fR,lws′1
]
+ Css′
[
fR,lws1 , f
R,tb
s′1
]
+
∑
k′ψ ,k′α
Css′
[
(fR,tb
s1
)′, (fR,tb
s′1
)′′
])
, (H.38)
where
vCo,s =
2uΩζ,E
Ωs
(∇R× ζˆ)⊥ ' 2uRΩζ,E
Ωs
bˆ× κ (H.39)
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is the Coriolis drift, and
FR,tbs2,grad = −fMs
[
Zse
Ts
vMs ·
(
∇Rψ
(
−ikα∂Ωζ,E
∂ψ
t+
∂
∂ψ
)
+∇Rθ ∂
∂θ
)
+
(
∂
∂ψ
lnns
+
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)
c
B
(∇Rψ × bˆ) · ∇Rθ ∂
∂θ
]
φR,tb
1
−vMs ·
(
∇Rψ
(
−ikα∂Ωζ,E
∂ψ
t+
∂
∂ψ
)
+∇Rθ ∂
∂θ
)
fR,tb
s1
+
∑
k′ψ ,k′α
[
c(φR,tb
1
)′
B
i(k′⊥ × bˆ) ·
(
∇Rψ
(
−ik′′α
∂Ωζ,E
∂ψ
t+
∂
∂ψ
)
+∇Rθ ∂
∂θ
)
(fR,tb
s1
)′′ − c(f
R,tb
s1
)′
B
i(k′⊥ × bˆ) ·
(
∇Rψ
(
− ik′′α
∂Ωζ,E
∂ψ
t
+
∂
∂ψ
)
+∇Rθ ∂
∂θ
)
(φR,tb
1
)′′
]
. (H.40)
Here a prime on a Fourier coefficient indicates that it depends on k′ψ and k
′
α, and two
primes that it depends on k′′ψ = kψ − k′ψ and k′′α = kα − k′α. The functions ∆ntbs2,grad and
∆ntbs2,acc are zero, and ∆n
tb
s2,nc is given by (249) with φ
tb
1
and f lws1 replaced by φ
R,tb
1
and
fR,lws1 . To evaluate F
R,tb
s2,grad, we need ∂f
R,tb
s1
/∂ψ and ∂φR,tb
1
/∂ψ. These derivatives can be
calculated substituting
∂f tb
s1
∂ψ
=
(
∂fR,tb
s1
∂ψ
+ ikαc
∂2φ0
∂ψ2
t fR,tb
s1
)
exp
(
ikαc
∂φ0
∂ψ
t
)
(H.41)
and
∂φtb
1
∂ψ
=
(
∂φR,tb
1
∂ψ
+ ikαc
∂2φ0
∂ψ2
t φR,tb
1
)
exp
(
ikαc
∂φ0
∂ψ
t
)
(H.42)
into (251) and (252). We also need to use (H.21) and (H.22) in the limit Bp/B  1
with k⊥ρi ∼ Bp/B to cancel several terms. The final equations are
∂
∂t
(
∂fR,tb
s1
∂ψ
)
+
(
ubˆ · ∇Rθ ∂
∂θ
− µbˆ · ∇RB ∂
∂u
)
∂fR,tb
s1
∂ψ
+ ik⊥ · vMs
∂fR,tb
s1
∂ψ
−
∑
s′
C
(`)
ss′
[
∂fR,tb
s1
∂ψ
;
∂fR,tb
s1
∂ψ
]
+
{
∂φR,tb
1
∂ψ
, fR,tb
s1
}
+
{
φR,tb
1
,
∂fR,tb
s1
∂ψ
}
= −fMs
[
Zse
Ts
(
ubˆ · ∇Rθ ∂
∂θ
+ ik⊥ · vMs
)
+ikαc
(
∂
∂ψ
lnns +
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)]
∂φR,tb
1
∂ψ
−u ∂
∂ψ
(bˆ · ∇Rθ)
∂fR,tb
s1
∂θ
+ µ
∂
∂ψ
(bˆ · ∇RB)
∂fR,tb
s1
∂u
−fR,tb
s1
∂
∂ψ
(ik⊥ · vMs) +
∑
s′
∂C
(`)
ss′
∂ψ
[
fR,tb
s1
; fR,tb
s1
]
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− ∂
∂ψ
(
ZsefMs
Ts
ubˆ · ∇Rθ
)
∂φR,tb
1
∂θ
−φR,tb
1
∂
∂ψ
[
ZsefMs
Ts
ik⊥ · vMs + ikαcfMs
(
∂
∂ψ
lnns
+
(
ms(u
2 + 2µB)
2Ts
− 3
2
)
∂
∂ψ
lnTs
)]
(H.43)
and quasineutrality equation (252) with ∂f tb
s1
/∂ψ and f tb
s1
replaced by ∂fR,tb
s1
/∂ψ and
fR,tb
s1
.
Note that FR,tbs2,grad contains terms linear in time, such as ikα(∂Ωζ/∂ψ)tvMs ·
∇RψfR,tbs1 . In gyrokinetic equations derived in the frame rotating with Ωζ,E, these
terms correspond to the use of the perpendicular wavevector
k⊥ =
(
kψ − kα∂Ωζ,E
∂ψ
t
)
∇ψ + kα∇α (H.44)
instead of the wavevector k⊥ defined (49). Equation (H.44) is a convenient
representation of the shearing of turbulent structures due to the background E × B
velocity. In our formulation, these terms are second order in ρ∗ because we have ordered
RΩζ,E ∼ (B/Bp)ρ∗vti. We do not need to consider the time dependent term in our finite
gyroradius terms because due to our ordering, the background E×B shear is negligible
unless the turbulent eddies are of the order of the ion poloidal gyroradius, in which case
finite gyroradius effects are unimportant.
Appendix H.5. Momentum flux
Using (H.4), (H.5), (H.7), (H.8) and (H.13) - (H.16) in the expressions for the momentum
flux given in subsection 8.3, we find
Π = ΠR,tb−1,ud + Π
R,nc
−1,ud + Π
R,tb
0,nc + Π
R,tb
0,grad + Π
R,tb
0,acc + Π
R,nc
0
+ΠR,FOW0,tb + Π
R,FOW
0,∆T + Π
R,FOW
0,Q + Ωζ(Γ
tb
ζ + Γ
nc
ζ ). (H.45)
The pieces Γtbζ and Γ
nc
ζ give the flux of angular momentum due to particle flux of
turbulent and neoclassical origin, and they are defined in (274) and (275). To calculate
Γtbζ and Γ
nc
ζ in the rotating frame, we just need to replace f
lw
s1 , φ
lw
1 , f
tb
s1
and φtb
1
by fR,lws1 ,
φR,lw1 , f
R,tb
s1
and φR,tb
1
in (274) and (275). Similarly, the other pieces of the momentum
flux in (H.45) can be obtained from the corresponding expressions (256), (257), (260),
(262) and (263) - (265) by replacing f lws1 , φ
lw
1 , f
tb
s1
, φtb
1
, hlws2,β, F
lw
s2,β, f
tb
s2
and φtb
2
by fR,lws1 ,
φR,lw1 , f
R,tb
s1
, φR,tb
1
, hR,lws2,β , F
R,lw
s2,β , f
R,tb
s2
and φR,tb
2
, respectively.
References
[1] de Vries P C, Waidmann G, Donne´ A J H and Schu¨ller F C 1996 Plasma Phys. Control. Fusion
38 467
[2] Barnes M, Parra F I, Highcock E G, Schekochihin A A, Cowley S C and Roach C M 2011 Phys.
Rev. Lett. 106 175004
Intrinsic rotation in tokamaks: theory 87
[3] Highcock E G, Barnes M, Schekochihin A A, Parra F I, Roach C M and Cowley S C 2010 Phys.
Rev. Lett. 105 215003
[4] Parra F I, Barnes M, Highcock E G, Schekochihin A A and Cowley S C 2011 Phys. Rev. Lett.
106 115004
[5] Hinton F L and Wong S K 1985 Phys. Fluids 28 3082
[6] Catto P J, Bernstein I B and Tessarotto M 1987 Phys. Fluids 30 2784
[7] Rice J E et al 1999 Nucl. Fusion 39 1175
[8] Rice J E et al 2005 Nucl. Fusion 45 251
[9] Bortolon A et al 2006 Phys. Rev. Lett. 97 235003
[10] Scarabosio A et al 2006 Plasma Phys. Control. Fusion 48 663
[11] deGrassie J S et al 2007 Phys. Plasmas 14 056115
[12] Duval B P et al 2007 Plasma Phys. Control. Fusion 49 B195
[13] Rice J E et al 2007 Nucl. Fusion 47 1618
[14] Eriksson L-G et al 2009 Plasma Phys. Control. Fusion 51 044008
[15] Ince-Cushman A 2009 Phys. Rev. Lett. 102 035002
[16] Lin Y et al 2009 Phys. Plasmas 16 056102
[17] Camenen Y et al 2010 Phys. Rev. Lett. 105 135003
[18] Solomon W M et al 2010 Phys. Plasmas 17 056108
[19] McDermott R M et al 2011 Plasma Phys. Control. Fusion 53 035007
[20] Rice J E et al 2011 Phys. Rev. Lett. 106 215001
[21] Rice J E et al 2011 Nucl. Fusion 51 083005
[22] Parra F I et al 2012 Phys. Rev. Lett. 108 095001
[23] Perkins F W et al 2001 Phys. Plasmas 8 2181
[24] Lee J et al 2012 Plasma Phys. Control. Fusion 54 125005
[25] Camenen Y et al 2009 Phys. Rev. Lett. 102 125001
[26] Camenen Y et al 2009 Phys. Plasmas 16 062501
[27] Ball J et al 2014 Plasma Phys. Control. Fusion 56 095014
[28] Diamond P H et al 2008 Phys. Plasmas 15 012303
[29] Gu¨rcan O¨ D et al 2010 Phys. Plasmas 17 112309
[30] Waltz R E et al 2011 Phys. Plasmas 18 042504
[31] Camenen Y et al 2011 Nucl. Fusion 51 073039
[32] Parra F I and Catto P J 2010 Plasma Phys. Control. Fusion 52 045004
[33] Parra F I, Barnes M and Catto P J 2011 Nucl. Fusion 51 113001
[34] Barnes M et al 2013 Phys. Rev. Lett. 111 055005
[35] Lee J P, Parra F I and Barnes M 2014 Nucl. Fusion 54 022002
[36] Lee J P et al 2014 Phys. Plasmas 21 056106
[37] Lee J P et al 2014 “Turbulent momentum transport due to neoclassical flows” in preparation
[38] Sung T et al 2013 Phys. Plasmas 20 042506
[39] Parra F I and Catto P J 2010 Phys. Plasmas 17 056106
[40] Parra F I et al 2012 Phys. Plasmas 19 056116
[41] Catto P J 1978 Plasma Phys. 20 719
[42] Frieman E A and Chen L 1982 Phys. Fluids 25 502
[43] Peeters A G and Angioni C 2005 Phys. Plasmas 12 072515
[44] Parra F I, Barnes M and Peeters A G 2011 Phys. Plasmas 18 062501
[45] Sugama H et al 2011 Plasma Phys. Control. Fusion 53 024004
[46] Barnes M and Parra F I 2013 “Intrinsic rotation in tokamaks: numerics” in preparation
[47] Barnes M, Parra F I and Schekochihin A A 2011 Phys. Rev. Lett. 107 115003
[48] Dorland W, Jenko F, Kotschenreuther M and Rogers B N 2000 Phys. Rev. Lett. 85 5579
[49] Candy J and Waltz R E 2003 J. Comput. Phys. 186 545
[50] Dannert T and Jenko F 2005 Phys. Plasmas 12 072309
[51] Peeters A G et al 2009 Comput. Phys. Comm. 180 2650
Intrinsic rotation in tokamaks: theory 88
[52] Parra F I and Calvo I 2011 Plasma Phys. Control. Fusion 53 045001
[53] Calvo I and Parra F I 2012 Plasma Phys. Control. Fusion 54 115007
[54] Calvo I and Parra F I 2014 “Radial transport of toroidal angular momentum in tokamaks”
submitted to Plasma Phys. Control. Fusion arXiv:1408.3345
[55] Yoo C, Parra F I, Barnes M and Lee J 2015 “Saturation amplitude of the ion temperature gradient
turbulence in a tokamak” in preparation
[56] Parra F I and Catto P J 2008 Plasma Phys. Control. Fusion 50 065014
[57] Parra F I and Catto P J 2009 Plasma Phys. Control. Fusion 51 095008
[58] McKee G R et al 2001 Nucl. Fusion 41 1235
[59] Casson F J et al 2010 Phys. Plasmas 17 102305
[60] Barnes M, Parra F I and Dorland W 2012 Phys. Rev. Lett. 109 185003
[61] Brizard A J and Hahm T S 2007 Rev. Mod. Phys. 79 421
[62] Parra F I and Catto P J 2009 Plasma Phys. Control. Fusion 51 065002
[63] Brizard A J 2004 Phys. Plasmas 11 4429
[64] Hinton F L and Hazeltine R D 1976 Rev. Mod. Phys. 48 239
[65] Helander P and Sigmar D J 2002 Collisional Transport in Magnetized Plasmas (Cambridge
Monographs on Plasma Physics) ed Haines M G et al (Cambridge, UK: Cambridge University
Press)
[66] Peeters A G, Angioni C and Strintzi D 2007 Phys. Rev. Lett. 98 265003
[67] Rosenbluth M N and Hinton F L 1998 Phys. Rev. Lett. 80 724
[68] Hinton F L and Rosenbluth M N 1999 Plasma Phys. Control. Fusion 41 A653
